Journal of Physical Sciences, Vol. 23, 2018, 97-109
I SSN: 2350-0352 (print), www.vidyasagar .ac.in/publication/jour nal
Published on 24 December 2018

Feasible Degener ate Pivoting and Optimal
Non-Degenerate Pivoting for Solving Fuzzy Linear Sum
Assignment Problems
A.Nagoor Gani'and T.Shiek Pareeth?

PG and Research Department of Mathematics,
Jamal Mohammed College (Autonomous),
Tiruchirappalli — 620020, Tamilnadu, India.
E-mail:!ganijmc@yahoo.co.iand  shiekpareeth.t@gmail.com

Received 12 September 2018; accepted 10 December 2018

ABSTRACT
In this paper, we compute the fuzzy optimal assigmt cost for solving fuzzy linear sum
assignment problem through rooted in a stronglgifda tree. In this problent;; is
denotes as cost for perfect matching tfiejgb to the 1" person. Here, ) is w-
trapezoidal fuzzy numbers and we discussed rantkcignique for solving fuzzy linear
sum assignment problem.

Keywords: Strongly Feasible Treew-Trapezoidal Fuzzy Numbers, Fuzzy Dual
Variables, Fuzzy Linear sum Assignment ProblemgzifiRanking Technique.

1. Introduction

In 1965, Zadeh initiated the concept of fuzzy &eboty [14]. Further many authors the
extended the concept of fuzzy .sét 1987, Wang, developed the concept of Fuzzy
optimal assignment problem [13]. In 1976, Cunninghanitiated the concept of the
network simplex method [8]. In1981, Bertsekas pemub a new algorithm for the
assignment problem [3]. In 1995, Goldberg and Kegnproposed An efficient cost
scaling algorithm for the assignment problem [9]

In 2007, Chen, Chen proposed fuzzy risk analysishe ranking of generalised
trapezoidal fuzzy numbers [3]. In 2010, Kumar, Sira;d Kaur proposed a generalised
simplex algorithm for solving special type of fuzfigear programming problems by
using proposed ranking method [2]. In 2011, Kawt Kamar proposed a new approach
developed for solving fuzzy transportation problém using generalised trapezoidal
fuzzy numbers [1].

In 2013, Thorani and Shankar proposed fuzzy aswmgh problem with
generalised fuzzy numbers, it is developed thesidak algorithm from fundamental
theorems and to compute minimum fuzzy cost and &scthe variations in fuzzy
assignment problems [12]. In 2014, Kar et al. peggbsolution of generalised fuzzy
assignment problem with restriction on costs unflezy environment [11]. Many
applications of fuzzy assignment problems appliedréal life situations, scientific,
uncertainty and engineering.

Let us consider the linear problem associated wittear Sum Assignment
Problem [LSAP]. There is one-to-one correspondémtereen primal basic solutions and
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spanning trees on the associated bipartite graph(G,V; E).Given any basic feasible
solution, and the associated spanning tree T dsnsishe 2n-1 edges [i,j] corresponding
to the basic columns. If the reduced costs cormdipg to the edges of E/T are non-
negative, the basis is optimal, otherwise is ndinwgd. Barr, Glover and Klingman
reported computational testing’s showing that apipnately 90 percent of the simplex
pivots may be degenerate for LSAP instances. Teati problem associated with LSAP
has 2n-1 rows and*rcolumns and that any primal feasible basic sautias exactly n
variables with non-zero value, and hence, is higlelgenerate.

In this paper, a new method is proposed@iving Fuzzy Linear Sum Assignment
Problem [FLSAP]. Here, the assignment cost is pred asw- trapezoidal fuzzy
numbers ang; is the decision variables for the fuzzy assignnuérthe {" person to the
i™ job. Hereg;; is thew- trapezoidal fuzzy cost element for solving thefg@e matching
in j"™ job to the 1" person. Main objective is to minimize the toial trapezoidal cost is
performed 1" person perfect matched to the availablejop. Since the objectives are
minimize the total cost or maximize the total pro$iubject to some crisp constraints. In
some ranking method is used for ranking trapezoidal fuzzy numbers. A ranking
method is used to transform the fuzzy linear susigasnent problem into crisp one and
after proposed the procedure is taken by the decisiaker.

2. Preliminaries
Definition 2.1. A fuzzy set A defined on the universal set of raibers R , is said to be
a fuzzy number if its membership function has thWwing characteristics:

(i) pz:R-[0,1]is continuous.

(i) uz (X) =0V x€(-0, a]u [d,»).

(iii) uz (x) is strictly increasing on [a,b] and strictlgateasing on [c,d].

(iv) uz (X) = v x€ [b,c], where &b< c <d.

Definition 2.2. A fuzzy number A = (a,b,c,d) is said to be a trajpeal fuzzy number if
its membership function is given by,

(—) ifasx<b

b—a
wix) =<1 ifb<x<c
d—x\ .
(=) if c<x=d

Definition 2.3. A fuzzy set A defined on the universal set of raibers R , is said to be
a fuzzy number if its membership function has thikWing characteristics:

(i) pz:R-[0,1]is continuous.

(i) uz X) =0V XE (-0, a]u [d,»).

(iii) uz (X) is strictly increasing on [a,b] and strictlgateasing on [c,d].

(iv) uz (X) =wV x€ [b,c], wherewe [0,1].

Definition 2.4. A fuzzy number A = (a,b,c,dw) is said to be av-trapezoidal fuzzy
number if its membership function is given by,
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(w(J;:Z) ifas<x<b

MA(X)=J wifb<x<c
l(d_x)' <x<d
W R ifc<x<
wherewe [0,1)

3. Arithmetic operations on w-trapezoidal fuzzy numbers

Arithmetic operations omw-trapezoidal fuzzy numbers between twtrapezoidal fuzzy

numbers,defined on universal set of real numbessf&lowing characteristics:

Letd = (py,q1,11,51;w1) and B = (p,, q2.12,5,,0,) be any twow-trapezoidal

fuzzynumbers, then

(1)) A+ B = p11p2,q1+q2,1171,51+S2; MiN(wy,w3))

(i) A—B =(p1-52,q1—72, 11—q2,51—D2 ; MiN(w,w5))

(iii) 84 = {6p1,6q1,6r1 ,081; w1),6 >0

051,011,0q4,0p1; w3),6 <0
(IV) AXE = (p/!q/!r,!s,; min((‘)lﬂa)Z))! Wherep,: min(p1P2’P152,P25115152)
q =m’in(Q1QZ-Q1T2: T142,7172), T'= MaX@1q2,q172, 1142.7172),
§=max p1p7,0152,P251,5152)

Definition 3.1. Fuzzy Linear Sum Assignment Problem [FLSAP]

Let a bipartite graph G=(U,V;E) having a vertexlffor each row, a vertex of V for
each column and fuzzy cost)) associated with edgeli, j] (i,j = 1,2...n)ther@ throblem

is todetermine a minimum fuzzy cost perfect matghinG.

Definition 3.2. Fuzzy Degenerate pivoting [FDP]

From the FLSAP with cosE;; is w-trapezoidal fuzzy number and if the reduced from
cost matrix elements at least any one cost is ivegtiten, the basis corresponding to tree

is producing degenerate pivoting.

Definition 3.3. Fuzzy Non-Degenerate pivoting [FNDP]

From the FLSAP with codf; is w-trapezoidal fuzzy number and if the reduced from
cost matrixelements for all the cost is non-negatitien the basis corresponding to tree

is producing non-degenerate pivoting.

Definition 3.4. Strongly feasible tree (T)

Given a feasible solution x, a tree T in G = (U,VrBoted at = U is a strongly feasible

tree ifc;; = 1V odd edges [i, j§ T and x;; =0V even edges [i, § T.

Definition 3.5. An edgeli, jE E\T with ie U and § V is a forward edge if i lies on the
Path that connects rto j in T, is a backward efigkes on the path that connectsrto i in

T, and is a cross edge if it is neither forward Inackward.
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4. w- trapezoidal fuzzy linear sum assignment problem [w-TFL SAP]
Suppose there are ‘m’ jobs to be performed andpérsons (m = n) are available for
doing the jobs. Assume that each person can dojehcat a time, depending on their
efficiency to do the job. Let{;)be thew —trapezoidal fuzzy linear sum assignment cost,
then the objective is to minimize the totat trapezoidal cost is performefl person
perfect matched to the availabl® job or assigning all the jobs to the available
persons(one job to one person).

Thew-trapezoidal fuzzy linear sum assignment problemtma stated in the form of
an mxn (m = n) Cost matrixc]] of w-trapezoidal fuzzy numbers as given in the
following table:

Persons/jot | 1 2 3 e N

1 [¢11; w11] [C12; w12] [C13; wq3] [C1ns @1n]

2 [G21; wo4] [C32; wpo] [C33; wps] [Cons wanl

3 [(31; w34] [C32; w3o] [C33; w3s] [C30; w3n]

M [Cﬁr;zil; wml] [CFnTZ; wmz] [Cﬁn\{3; wm3] [CFTrTn; wmn]

4.1. Mathematical formulation of fuzzy linear sum assignment problem

Table 1. w- Trapezoidal fuzzy linear sum assignment problem

Minimize Z =Y X1 Oy
Subject to Yi=xj=1,i=12,.n

Z?:l Xij = 1, J =1,2,...n
where,

x;j = 1(if thei*"personisassignedtojjob) and
x;;= 0(ifthei*"personisnotassignedtoj*™job).

x;; is the decision variable for the fuzzy assignnadrihe person i to jobg;; is the cost
of the perfect matching if'jjob to the ' person. The new algorithm to solve the fuzzy
linear sum assignment problem is based on thewoitp theorems.

Theorem 4.2. If reduced costs,; = ¢;; - u; - v; = 0 where ¥ i,j<n is corresponding
LSAP it is optimal solution and T is producing anFiegenerate pivot on a forward edge.
Proof: Let us take a strongly feasible tree T and fromblanced linear sum assignment
problem and arbitrarily fixing the value af. to zerothen computed dual variables from
T. Next execution by using duality theoty, = ¢;; - u; - v; is non- negative. Since, the
LSAP is optimal solution and T is producing non-glegrate pivot on a forward edge.

Theorem 4.3. If ¢, = ¢;; - u; - v;< 0 where ¥ i,j<n is corresponding LSAP it is not
optimal solution and T is producing a degenerata backward edge.

Proof: LetT be a strongly feasible tree and from the fizdd linear sum assignment
problem and arbitrarily fixing the value af. to zero then obtain dual variables from T.
Then next executing a dual solution satisfying ¢benplementary slackness condition,
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¢, = ¢ - u; - vj is negative. i.e, the LSAP is not optimal solutamd T is producing
degenerate pivot on a backward edge.

5. Ranking of w-trapezoidal fuzzy numbers
An effective algorithm developed before for compgri- trapezoidal fuzzy numbers is
by use of ranking function [1]. The decision makiest we takew- trapezoidal fuzzy
number must be ranked and after the decision. R} PR, where F(R) is a set of fuzzy
numbers defined on the set of real numbers, whighsneach fuzzy number into the real
line. The following comparisons are exists i.e.,
(i) A>gBif and only if R@A) >R (B)
(i) A<gB ifandonlyif R @) <R (B)
(i) A=gB if and only if R @) =R (B)
Let A = (py, q1,11,51;01) andB = (p,, q5,12,5,;w,) be any twow-trapezoidal fuzzy
numbers and = min(w,,w-) then

R(A') _wi(p1t q411+ it Sl)and Rg) — w2(p2+ qZ+ T2+ S2)

6. A new algorithm for solving fuzzy linear sum assignment problemswith costs
asw-trapezoidal fuzzy numberswith strongly feasible tree

Step 1. First test whether the giventrapezoidal fuzzy cost matrix of an linear sum
assignment Problem is an balanced one (or) nat.i$f balanced one ( i.e. number of
persons are equal to the number of jobs), them gtep3. If it is unbalanced one. (Since,
number of persons are not equal to the numberbs)) jahen go to step2.
Step 2: Introduce dummy rows (or) dummy columns with zeretrapezoidal fuzzy Cost,
so as form a balanced one.
Step 6: Examine the rank ab-trapezoidal fuzzy cost matrixc{;) and is defined as [R (
¢,;)] and compute the rank of each cell of thetrapezoidal fuzzy cost matrix [E{)]
Step 3: Form a Strongly Feasible Treg( T) ; Let T be a strongly feasible tree
corresponding to X, and r be any vertexigf,and let us start with solutiof;, = 1and
associated strongly feasible tree with 7, *.
Step 4: Compute Rank of Fuzzy Dual Variables (&7, * and?;*). Let us take balanced
rank of fuzzy linear Sum assignment problem arah thrbitrarily fixing the value of
rank of fuzzy dual variable from strongly feasillee T and sef,* = 0 then calculate
U*= ¢, @, % andu,_*= ¢, - §*and nextv,Z;* = ¢- u,_;*and so on, similarly
computew, ;1 *=¢,; - U*; v,2,* =¢,;- u,_;*and so on.
Step5: [Compute reduced rank of fuzzy cost matrix [R(czu)]
The reduced rank of fuzzy cost mattix{] is R[R(c;,))]D]= RIc;,- @,- 7]
Step 7: (Assigning the zeros)

a. Compute the rovs[R(c_T])] successively until a row with exactly one unmatke

zero is found. Make an assignment to this singlmarked zero by encircling it.
Cross all other zeros in the colurﬁ(ﬁ)]of this encircled zero.
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b. Compute the cqumr[R(czu)] successively until a column with exactly one
unmarked zero is found. Make an assignment todinigle unmarked zero by
encircling it. Cross any other zeros in its Wﬁ)]of this encircled zeros.

c. Continue the process until in each rcﬁW(ﬁ)]and each cqumfR(ﬁ)]exactly
one encircled zero.

Step 8: (Apply optimal test)

(i) A strongly feasible tree is producing degenengt/oting on a backward edge and

The rank of reduced fuzzy cost matfiX(c;,)] is negative and={[i, j]/ £ : R

[¢;; - &,-7;]< O}then the current fuzzy linear sum assignmenblenm is notoptimal.

(i)A strongly feasible tree is producing non-degeate pivoting on a forward edge

And the rank the reduced cost ma[m(c:l])]is non-negative anfl = @ then the

Current fuzzy linear sum assignment problem isnogti

Step 9: The rank of reduced fuzzy cost makRXc, )] = R[¢;; - @, - ;] < 0 andE= {[i, |]

| E: R[c,; - @, - §j] < 0} form a matching in a bipartite graph fro[rR(c_’;)]then select
most negative edge frqm(czu)]the most negative edge[i,cfwith i € u and je v and
removes from the basis the unique other edge {iQ]( T, [i, j] ) incident to i with #j
and form a new matching in a bipartite graph an#tingaa new strongly feasible tree.
Again a strongly feasible tree T is producing degate pivoting on a backward edge,
continue the process reached until T is produchme rion-degenerate pivoting on a
forward edge and optimal.

Step 10: Stop

7. Numerical example

A company has four persong P, P; P, and four jobs )%, J, Js with cost matrixf;] is
given whose elements asetrapezoidal fuzzy numbers and then illustratedptmosed
algorithm. The problem is to compute the best perimatching (the total cost is
minimum of the ' persons to thé"jjob assignment).

Jl \]2 J3 J4

P, | (14,20,26,32;0.

(8,14,20,26,0.F

(4,8,14,20,0.

(14,20,26,32;0.

P, | (8,14,20,26;0.

(8,14,20,26;0.t

(14,20,26,32;0.

(20,26,32,38;0.

Ps | (32,38,44,50;0.¢

(14,20,26,32;0.

(4,8,14,20;0.2

(14,20,26,32;0.

P, | (19,25,31,37;0.5!

(26,32,38,44,0.41

(14,20,26,32;0.

(8,14,20,26,0.F

Table 2
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Case (i): The givenw-trapezoidal fuzzy assignment problem is balanaed (aumber of
persons are equal to the number of jobs). Herersteabtain the matrixR(c;;)] by using
the given ranking method.

‘]1 ‘]2 \]3 \]4
[R(;)]=
P; 9.2( 8.5( 2.3( 9.2(
P, 8.5( 8.5( 9.2( 14.F
P; 32.¢ 9.2( 2.3( 9.2(
P, 15.¢ 16.1 9.2( 8.5(
Table 3

Form a strongly feasibletree

™,
O—]

Figure 1:

2.30 1.60 2.30 1.60

9.2( 8.5C 2.3C 9.2(

6.9 8.5( 8.5(C 9.2( 14.5
0 32.¢ 9.2( 2.3C 9.2(
6.9 15.4 16.1 9.2( 8.5(

Table 4: Compute the fuzzy ranking dual variabig$ and?; *from R (c;;)
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() 0 [-69 |07

07 |© |o 6
RE) =

305 | 76|(0) |7.6

62 |7€ |0 (0)

Table 5: Compute the reduced rank of fuzzy cost matrixﬁj):(
HereE ={[1,3], [2, 1]} ; select [i, j] = [1,3] and [I] = [1,2]

A strongly feasible tree (T) is producing degeremtoting on a backward edge

Case (ii): The above reduced rank of fuzzy cost matrix ﬁ?)[ and strongly feasible
tree(T) is producing degenerate pivoting on a backvwedge. So, continue the process.
The rank of fuzzy cost matrix is given by,

N J, Js3 Js4
P, 9.2C | 8.5C | 2.3C | 9.2
R @)= P, 8.5( | 8.5 [9.2C |14.r
Ps 32.¢ |9.2C |2.3C |9.2C
P, 154 | 16.1 | 9.2C | 8.5C
Table6:

Alternative graph

F':C QJJ = I
SLE Q b
P!C\/\)JJ B 5
Pi i
P % Degenerate Pivoting on a Backward Edge

Figure2:

¥
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9.20 | 1.60 230 |1.60

9.2C | 8.5(C 2.3C | 9.2C

6.C 8.5C | 8.5(C 9.2C |14k
0 32.¢ | 9.2C 2.3C | 9.2C
6.C 15.2 | 16.1 9.2C | 8.5C

Table 7. Compute the fuzzy Ranking dual variabigs* and 7, *

© |69 Jo 7.6

-76 [ (0 |0 6
RE,)= 236 | 7.6 | (0) 7.6

07 |7€ |0 ()

Table 8. Compute the reduced rank of fuzzy cost matrixﬁj):(

Here,E = {[4,1], [2, 1]} ; select [i, j] = [2,1] and [i] =[2,3]
A strongly feasible tree (T) is producing degenem@toting on a backward edge

Case (iii): The above reduced rank of fuzzy cost matrix@?\)l and strongly feasible
tree (T) is producing degenerate pivoting on a hac edge. So, continue the process.
The rank of fuzzy cost matrix is given by,

Persons/J

obs Jq J, J3 J4

P, 92 [85C |23C |9.2C

P, 85C |85( |92 |14f
[P 326 920 |23C 9.2
[REDI= [P, 152 |16 | 9.2 | 85C

Table9:
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Alternative bipartite graph

P Iy P1 hh ~
P O P Q N
3
v \
\'\":\ vy
Ps L P Ja (T
Degenerate Pivoting on a Backward Edge
Pa Ja Pa Ja
Figure3:
9.20 9.20 2.30 1.60
9.2C 8.5(C 2.3C 9.2C
-0.7 8.5(C 8.5( 9.2C 14.¢
0 32.¢ 9.2C 2.3( 9.2(C
6.9 15.¢ 16.1 9.2( 8.5(C

Table 10: Compute the fuzzy Ranking dual variabigs and o, *

© [-07]0 7.6

0 |[@© |[7.€ [13¢

R )= 2360 |@© |76

07 |0 0 ©)

Table 11: Compute the reduced rank of fuzzy cost matrixﬁj)l
Heref = {[4,1], [1,2]} ; select [i, j] = [1,2] and [i,]}= [1,1]

A strongly feasible tree (T) is producing degeremtvoting on a backward edge
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Case (iv): The above reduced rank of fuzzy cost matrixfﬁ?)[ and strongly feasible
tree (T) is producing degenerate pivoting on a bacl edge. So, continue the process.
the rank of fuzzy cost matrix is given by,

Per sons Jq J, Js Ja
/Jobs
P, 9.2( 8.5(C 2.3C 9.2(C
P, 8.5(C 8.5(C 9.2( 14.t
Ps 32.¢ 9.2(C 2.3C 9.2(
P, 15.2 16.1 9.2( 8.5
Table 12:
Alternative bipartite graph
OO »O\ )
\/ AA
/ = 1
: - 1 P 3 )
I.'\..,..f N,
5 (\ I3 i . -
/2
P |’-j/_CJ} le Non-Degenerate Pivoting on a Forward Edge
\
Figure4:
g *
i
8.50 8.50 2.30 1.60
0 9.2 8.5(C 2.3C 9.2(C
0 8.5( 8.5(C 9.2( 14.t
0 32.¢ 9.2( 2.3(C 9.2(C
6.9 15.¢ 16.1 9.2(C 8.5(C

Table 13: Compute the fuzzy ranking dual variabigsand 7, *
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0.7 ) 0 7.6

©) 0 6.C 125
R@E)= |[243 0.7 (0) 7.6

0 0.7 0 ©)

Table 14: Compute the reduced rank of fuzzy cost matrix@R){
Here E =@;A strongly feasible tree (T) is Producing Rotegenerate pivoting on a

forward edge. Optimum reached and stop the proeedine optimal assignment perfect
Matching schedule iB;—J, P,—J;P;— J; P,—J, The fuzzy optimal assignment cost is
computed as,

(C1; w12)+(Cor; w21)+(Caz; wa3)+(Cag; was) = (8,14,20,26;0.5) +(8,14,20,26;0.5)+

(4, 8, 14, 20; 0.2)+ 8, 14, 20, 26; 0.5p8,50,74,98;0.2)

and also[R;)]= (28,50,74,98;0.2) = 12.5.

8. Conclusion

In this paper, the assignment costuatrapezoidal fuzzy numbers. Here;trapezoidal
fuzzy assignment problem has been transformeddrigp assignment problem using
some ranking method. A strongly feasible tree Primucing fuzzy degenerate pivoting
on a backward edge and T is producing the non-aegt pivoting on a forward edge
and optimal are discussed.
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