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ABSTRACT
In this paper we achieve unique fixed point the@émstrong fuzzy metric spaces by
using altering distance function. Moreover soméhefexisting results in the literature.
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1. Introduction
Zadeh invented the theory of fuzzy sets in 19645.[IBe theory of fuzzy set has been

developed extensively by many authors in differéietds such as control theory,
engineering sciences neural networks, etc. The eminof fuzzy metric space was
introduced initially by Kramosil and Michalek [7later on, George and Veeramani [4]
gives the modified notion of fuzzy metric space® da Kramosil and Michalek and
analysed a Hausdorff topology of fuzzy metric sgadeecently, Gregori et al. [7] gave
many interesting examples of fuzzy metrics in tbase of George and Veeramaniand
have also applied these fuzzy metrics to colourgenprocessing. In 1988, Grabiec [6]
proved an analog of the Banach contraction theanefizzy metric spaces. In his proof,
he used a fuzzy version of Cauchy sequence. Khah gropounded a new notion of
Banach fixed point theorem in metric spaces bydhicing a control function called an
altering distance function in 1984[8]. Recentlye8tet al. [12] introduced the notion of
control function in fuzzy metric spa¢®, M,*) is given by
(p(M(Tx, Ty, t)) > k(t).(p(M(x,y, t)), Vx,y € X, t>0,
obtained fixed point result for self-mappifig

In this paper, we prove some fixed point theorémthe sense of strong fuzzy
metric spaces in the above contraction by usingigdized altering distance function,
which are the generalization of some existing tesolthe literature.

2. Preliminaries

The basic definitions are recalled here.

Definition 2.1. A fuzzy setd is defined byd = {(x, pA(x)): x € A, pA(x) € [0,1]}. In

the pair(x, uA(x)), the first element belongs to the classical set A, the second element
uA(x) belongs to the intervgd, 1], is called the membership function.
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Definition 2.2. A binary operatiorx: [0,1] X [0,1] — [0, 1] is a continuous t-norm if it
satisfies the following conditions:

Q) * iS associative and commutative,

(2) * is continuous,

3 ax1 = aforalla €[0,1],

4) a*b < c*dwheneven < candb <d foralla,b,c,d € [0,1]

Examples 2.3.
i.  Lukasievicz t-norma * b = max{a +b — 1,0}
ii. Productt-norm: a * b = a.b
iii. Minimum t-norm: a * b = min(a, b)

Definition 2.4. A fuzzy metric space is an ordered trigl§, M,+) such thatX is a
nonempty sety is a continuous t-norm arid is a fuzzy set oX x X x (0,) - [0,1]
satisfies the following conditions:

Vx,y,z € Xands,t >0

(KM1) M(x,y,0) =0,vt=0

(KM2) M(x,y,t) =1ifand only ifx = y,t >0

(KM3) M(x,y,t) = M(y,x,t)

(KM4) M(x,z, t +s) = M(x,y,t) * M(y,z,5)

(KM5) M(x,y,.): [0,00) = [0, 1] isleft-continuous.

Then M is called a fuzzy metric on X.

Definition 2.5. A fuzzy metric space is an ordered triple such ¥& a nonempty seg,
is a continuous t-norm antf is a fuzzy set oK X X x (0,) — [0, 1] satisfies the
following conditions:

Vx,y,z € Xands,t >0

(GV1)M(x,y,t) >0,vt>0

(GV2)M(x,y,t) =1ifandonlyifx = y,t >0

(GV3)M(x,y,t) = M(y,x,t)

(GVA4)M(x,z,t +5) = M(x,y,t) * M(y,z,5)

(GV5)M(x,y,.): (0,0) = [0,1] is continuous.

Then M is called a fuzzy metric on X.

Definition 2.6. Let (X, M,*) be a fuzzy metric spac#is said to be strong if it satisfies
the following additional axiom:

(GVA)YM(x,z,t) = M(x,y,t) * M(y,zt),x,y,z€ X,t >0,
then(X, M,*) is called a strong fuzzy metric space.

Definition 2.7. Let (X, M,*) be a fuzzy metric space, for> 0 the open balB(x,r,t)

with a centrec € X and a radiu® < r < 1 is defined by
B(x,r,t)={y e X: M(xy,t) >1—-r}.
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A subsetd c X is called open if for eaahe A, there exist > 0 and0 < r < 1 such that
B(x,r,t) c A. Lett denote the family of all open subsetstofThent is topology on X,
called the topology induced by the fuzzy meific

Definition 2.8. Let (X, M,*) be a fuzzy metric space

(i) A sequencéx, }in X is said to be convergent to a poirin (X, M,*) if
lim,,_,, M(x,y,t) = 1 forallt > 0.

(i) A sequencéx,}in X is called a Cauchy sequencel) M,*), if for
each0 <e< 1 andt > 0, there exist®, € N such thaM (x,, x,,,, t) >
1—€ for eachn,m = n,

(iiiy A fuzzy metric space in which every Cauchy sequéscenvergent is
said to be complete.

(iv)  Afuzzy metric space in which every sequence hamnaergent
subsequence is said to be compact.

Lemma 2.9. Let (X, M,*) be a fuzzy metric space. For aJlvue X, M(u,v, .) is non-
decreasing function.

Proof: If M(u,v,t) > M(u,v,s) forsomed <t < s.

ThenM(u,v,t) * M(v,v,s —t) < M(u,v,s) < M(u,v,t),

ThusM(u,v,t) < M(u,v,t) < M(u,v,t), (sinceM(v,v,s —t) = 1)
which is a contradiction. [ ]

Definition 2.10. A function y: [0,00) — [0, o) is an altering distance function if
® 1 is monotone increasing and continuous
(i) Y(t) = Oifand only ift =0

3. Main results
Definition 3.1. A function ¢:[0,1] — [0,1] is called control function or an altering
distance function if it satisfies the following |perties:

(AD1) ¢is strictly decreasing and continuous;

(AD2) (1) = 0,V A # 1ifep(d) = 0ifand only ifA = 1.

It is obvious thatim;_,,- ¢ (1) = ¢(1) = 0.

Theorem 3.2. Let (X, M,*) be a complete strong fuzzy metric space with oowtils t-
norm = and letT is a self-mapping iX. If there exists functions,;, ¥,: (0, ) — (0,1)
and an altering distance functigntheng (u) = ¥, (u, w)such that

(p(M(Tu, Tv, t)) > 1,[)1(N(u, v, t)) — 1,[)2(N(u, v, t)) (@H)

whereN (u, v, t) = (M (u, Tu, t)) * (M (v, Ty, t)) * (M (Tu, v, t)) * (M (u, Tv, t)) *
(M(u, v, t)) * {max(M(u, Tu,t),M(v,Tv, t))}
ThenT has a unique fixed point iXi
Proof: Let u be any arbitrary point iX and define a sequende,} € X such that
Uny1 = TUp.
Assume thatt,,,,; = Tu,, = u, for somen € N, thenu,is a fixed point off.
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Supposet, ., # u,, putu = u,_, andv = u, in equation (1) we get

(p(M(Tun—ll Tun: t)) = l»bl(lv(un—ll Un, t)) - l»DZ(IV(u'n—ll Un, t))

(p(M(un' Un+1s t)) = l»bl(N(un—ln Up, t)) - l»bz(N(un—lt Un, t)) (2)
where
N(up—1,upn, t) = (M(un—ll Tuy_4, t)) * (M (Uun, Tup, t)) * (M(Tun—li Un, t))
* (M(un—I' Tun' t)) * (M(un—lt Un, t))

* {max(M (un—1, Ty, £), M (tn, Ty, t))}

N(un—ll Un, t) = (M(un—ll Un, t)) * (M(unl Un+1, t)) * (M(unl Un, t))
* (M(un—lt Un+1s t)) * (M(un—ll Un, t))
* {maX(M(un—l' Up, £), M (Up, Up 41, t))}

N(tp_1,Un, t) = (M(tp_1,un, 1)) * (M(up, Uns1,t)) * 1% (M (Un_1, Uns1,t))
* {maX(M (un—ll Uy, t)l M(unl Un+1, t))}

N(un—l' Un, t) = (M(un—l' Un, t)) * (M(un' Un+1s t)) * (M(un—ltun+1t t))
* {maX(M (un—1' Up, t): M(unl Un+1s t))}
If max(M(un_l, Up, t), M (U, Upy 1, t)) = M(Up_q1,Up, t)
N(un—l' Un, t) = (M(un—l' Un, t)) * (M(un' Un+1s t)) * (M(un—ltun+1t t))
* M(un—1' Up, t)

N(un—l' Un, t) = (M(un—lt Un, t)) * (M(un' Un+1s t)) * (M(un—lt Un+1s t)) (3)
Here(X, M,*) is a strong fuzzy metric space then we have
M(un—ll Un+1s t) = M(un—ll Un, t) * M(unl Un+1, t) (by USing (GV4,))

Using above inequalities in (3) we get
N(un—li Uy, t) > (M(un—lt Up, t)) * (M(un: Un+1) t)) * M(Up—q,Up, t) * M(un: Un+1s t)
Which implies

N(un—l' Unp, t) = (M(un—lt Unp, t)) * (M(un' Un+1, t)) (4)

= N(Up_1,Up, t) = min {M(u,_q, Up, t), M(Up, Upsq, )} (+ a* b = min (a, b))

If min {M(un—ll un' t)' M(un' un+1' t)} = M(uni un+1' t)

NQup_1,Un, t) = M(up, Upsq,t) %)
Substitute (5) in (2) we get

(p(M(un: Un+1, t)) = l»bl(lw(un: Un+1) t)) - I»DZ (M(un: Un+1, t))
> lpl(M(un; Un+1s t)) = (p(M(un' Un+1s t)) (6)

This shows contradiction.
Thereforemin {M (u,_1, Un, t), M (U, Up41, )} = M(Up_q, Uy, t)
Thus we have
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@(M(un: Un+1, t)) = l»bl(lw(un—ll Un, t)) - l»ljz(lw(un—llun: t))

> l»1)1(1\4(un—1' Uy, t)) = @(M(un—lt Uy, t)) (7)
This shows that the sequer{@é(uw,,, u,44,t)} iS non-decreasing

Hencelim,,_,oo M(u,, uyyq,t) =1,6 >0
Next we prove that the sequeries } is a Cauchy’s sequence.

Assume thafu,,} is not a Cauchy’s sequence then for Gry e < 1,t > 0 then there
exists sequender,, } and{u,,, } wheren,, m; > n andny,m; € N (n;, > my,)

Such thaM(unk,umk,t) <l-e€ (8)
Let n; be least integer exceeding, satisfying the above property
That iSM(unk_l,umk,t) >1—¢€n,,m, €N andt >0 9

Putu = up,, 4 andv = upy,, 4
@ (M(Tunk—l: Tumy-1, t)) =Y (N(unk—l:umk—p t)) - (N(unk—l:umk—l: t))

) (M(unk,umk, t)) =Y, (N(unk_l,umk_l, t)) -, (N(unk_l,umk_l, t)) (10)
where
N(unk_l,umk_l, t)
= (M(unk_l,Tunk_l,t)) * (M(umk_l,Tumk_l, t))
* (M(Tunk_l,umk_l, t)) * (M(unk_l,Tumk_l,t))
* (M(unk_l,umk_l, t))
* {max (M(unk_l,Tunk_l,t),M(umk_l,Tumk_l,t))}
N(unk_l,umk_l, t) =
(M(unk_l,unk,t)) * (M(umk_l,umk, t)) * (M(unk,umk_l, t)) *
(M(unk_l,umk,t)) * (M(unk_l,umk_l, t)) *
{max (M(unk_l,unk, t), M(umk_l,umk, t))} (12)

If max (M(unk_l,unk, t),M(umk_l,umk, t)) = M(unk_l,unk, t)

N(unk_l,umk_l, t) =

(M(unk_l,unk, t)) * (M(umk_l,umk, t)) * (M(unk,umk_l, t)) *
(M(unk_l,umk,t)) * (M(unk_l,umk_l, t)) *

M(unk_l,unk, t)
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N(unk_l,umk_l,t) = (M(unk_l,unk, t)) * (M(umk_l,umk, t)) *
(M(unk,umk_l, t)) * (M(unk_l,umk, t)) *
(M(unk—llu’mk—ll t)) (12)
By (GV4) it follows that

(M(unk,umk_l,t)) > (M(unk,umk, t)) * (M(umk,umk_l, t))and (13)

(M(unk_l,umk_l, t)) = (M(unk_l,unk, t)) * (M(unk,umk_l,t))

Applying the previous inequalities we get

(M(unk_l,umk_l,t)) = (M(unk_l,unk,t)) * (M(unk,umk,t)) * (M(umk,umk_l,t))
(14)

Substituting (9), (13), and (14) in (12) we have

N(unk_l,umk_l,t) = (M(unk_l,unk, t)) * (M(umk_l,umk, t)) * (M(unk,umk, t)) *
(M(umk,umk_l,t)) *(1—e€)* (M(unk_l,unk,t)) *
(M(unk,umk, t)) * (M(umk,umk_l, t))

N(unk_l,umk_l,t) = (M(unk_l,unk, t)) * (M(umk_l,umk, t)) * (M(unk,umk, t)) *
(1-¢) (15)

Using (8) we obtain,
N(unk_l,umk_l, t) = (M(unk_l,unk, t)) * (M(umk_l,umk,t)) * (1—€e)x(1—¢)

N(Upye1 U1, t) = (M(unk_l,unk, t)) x (M(umk_l,umk, t)) x (1—€) (16)
From (10) we have
@ (M(unk,umk, t))
=Y, ((M(unk_l,unk,t)) * (M(umk_l,umk, t)) * (1— 6))
- b, ((M(unk_l,unk, £) * (M1t ) * (1 e))
Takingk — oo in above inequality we obtain

p(l-e)<Pp;1-e)—P(1-€e) <ol -e) (17)
which implies that we get a contradiction.

Hence{u,} is a Cauchy’s sequence.
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SinceX is complete fuzzy metric space and there existX such thatim,,_,., u,, = z

That isM(u,,z,t) =1asn - o
Put u = u,_, andv = z in equation (1) we get

P(M(Tup_1,Tz,t)) 2 Y1 (N(Un-1,2t)) = Y2(N(up_1,21)) (18)
where,

N(un-1,2,t) = (M(up—1, Tun_1,8)) * (M(2,Tz,t)) * (M(Tup—1,2,t))
* (M(un_l, Tz, t)) * (M(un_l, z, t))
* {max(M(un_l, Tu,_1,t),M(z,Tz, t))}

go(M(Tun_l,Tz, t)) > Y, ((M(un_l,Tun_l, t)) s (M(z, Tz, t)) * (M(Tun_l,z, t)) *
(M(un_l,Tz, t)) * (M(un_l,z, t)) *
{maX(M(un—l' Tup-1,t),M(z,Tz, t))}) -

Y, ((M(un_l,Tun_l,t)) * (M(z, Tz, t)) * (M(Tun_l,z, t)) * (M(un_l,Tz, t)) *

(M(un_l, Z, t)) * {max(M(un_l, Tu,_1,t),M(z,Tz, t))})
(19)

Takingn — oo in (19)

(p(M(Z, Tz, t)) > 1,[)1(M(z, Tz, t)) -, (M(Z, Tz, t))
Sincey, andy, are non-increasing function. HeM€z, Tz, t) = 1,andz = Tz.
Therefore z is a fixed point Gf.

To prove Uniqueness,
Suppose thav is another fixed point df, that isTw = w wherew # z

Now we show thatv = z,

(p(M(TW, Tz, t)) > l/)l(N(W, Z, t)) — Y, (N(W, Z, t))

WhereN (w, z,t) = (M(W, Tw, t)) * (M(z, Tz, t)) * (M(TW, z, t)) * (M(W, Tz, t)) *
(M (w, z, t)) s {max(M (w, Tw,t),M(z,Tz, t))}

N0, 2,0) = (MO w, )+ (M, 7,00) + (MOw,2,0) « (MO, 20) + (Mw,2,0)
* {max(M(w, w,t),M(z, z, t))}

Nw,zt) = 1% (M(W, Z, t))‘

(p(M(Tw, Tz, t)) > Y (1 * (M(w, z, t))) — Y, (1 * (M(w, z, t)))

Again, is non-increasing function in all its variable,
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Hencez = w is the unique fixed point df. ]

Corollary 3.3. Let (X, M,*) be a complete strong fuzzy metric space with oowtils t-
normx* and letT is a self-mapping iX. If there exists functiong,,y,: (0,0) - (0,1)
and an altering distance functign thengp(u) = ¥ (u, u) such that

go(M(Tu, Tv, t)) > wl(N(u, v, t)) — Y, (N(u, v, t)) (20)
whereN (u, v,t) = (M(Tu, v, t)) * (M(u, Tv, t)) * (M(u, v, t))
ThenT has a unique fixed point iXi
Proof: The proof of the above theorem 3.2 consideringubey contraction on the fuzzy
metric spacéX, M,«), (p(M(Tu, Tv, t)) > Y (N(u, v, t)) — Y, (N(u, v, t))
where,

N(u,v,t) = (M(Tu, v, t)) * (M(u, Tv, t)) * (M(u, v, t)). [
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