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ABSTRACT
In this paper, we define the metric distance betw®e exponential trapezoidal fuzzy
numbers and we use this metric for similarity meashe basic properties of the
above-mentioned similarity measure are proved itaideFinally, we rank two
generalized fuzzy numbers using distance measwtdhansimilarity measure between
them.
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1. Introduction

The task of measuring similarity occurs in manycigiknes. Because the objects to be
compared are often represented by sets, this safilequently performed by means of
measures that compare sets. Such measures arly gallat similarity measures. While
similarity is an essential concept in human reasprand plays a fundamental role in
theories of knowledge, there is no unique and gémperpose definition of similarity [14,
25-27] proposed properties of Similarity, sepaigbilndeed, several studies [13, 15]
have shown that similarity measures do not necéséave to be transitive, implying a
contradiction with the most usual approach of comspa, based on geometrical
assumptions in the feature space. In many appitstifuzzy sets are more suitable than
crisp sets for representing the objects concer@edsequently, there is a need for fuzzy
similarity measure, i.e., measures that compareyfisets [4]. The similarity measure
between fuzzy sets has making, pattern recognitioachine learning, and market
prediction, etc [11, 17]. The similarity measurdéween two fuzzy numbers is related to
their commonality, in theories of the recognitiadentification, and categorization of
objects, where a common assumption is that theagré@e commonality between a pair
objects, more similar they are. Similarity and aste measure between two fuzzy
numbers are closely related concepts. So it isilples® express similarity measure and
distance measure between fuzzy numbers by a furattielationship. This is one of the
oldest and most influential theoretical assumptithed similarity measure is inversely
related to the distance measure. Thus the distagtoeen fuzzy sets and as well as fuzzy
numbers have gained more attention from resear¢he6s 8]. In most of researches, the
authors pointed out to construct the distance medsetween normal fuzzy numbers, for
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instance [1, 2, 19] and also in ranking fuzzy nuralj28-23].
Now in this paper, we define the metric distabetwveen two exponential trapezoidal
fuzzy numbers and we use this metric for similanitgasure. The basic properties of the

above-mentioned similarity measure are proved itaideFinally, we rank two
generalized fuzzy numbers using distance measutsigarilarity measure between them.

2. Preliminaries
Definition 1. A fuzzy number is a fuzzy subset in the universdiscourseX that is both
convex and normal, and satisfying the followingditions:

(i) 45 (X) is interval continue.
(i) 15 (X) is a normalized fuzzy set angl; (m) =1, where m is a real number.

The fuzzy numbeAis a fuzzy set and its membership functioprj¢X) :U - [0,1].

Definition 2. Generally, a generalized fuzzy numbeis described as any fuzzy subset of
the real lineR, whose membership functiops; satisfies the following conditions,

(i) 45 is a continuous mapping from R to the closed irtef@, 1].

(ii) 4;(X) =0, —o <x<a,.

(iii) 4 (X) = L(X), is strictly increasing or{a, b],

(iV) 4 (X)=w, bsx<c,

(V) 4;(X) = R(X), is strictly decreasing orjc, d],

(Vi) 45(X) =0, d < X<,

where O<w<1landa, b, c andd are real numbers. We call this type of generalized
fuzzy number a trapezoidal fuzzy number, anddteisoted byA = (a,b,c,d;w) .

Whenw = 1, this type of generalized fuzzy number is calledmal fuzzy number and is
represented b = (a,b,c,d) .

However, these fuzzy numbers always have a fixegagjc,d]. Here, we define theirs
general forms as follows:

we [(P0/(b-a)l as<x<b
fa(x) =41 b<x<c @
we [(x-a/d-ol c<x<d

where 0<w< 1, a, b are real numbers, argl d are positive real numbers. We denote
this type of generalized exponential fuzzy number/A=(a,b,c,d;w).. Especially,

when w = 1, we denote it ad = (a,b,c,d)..
Let the generalized exponential fuzzy numBer(a,b,c,d)., where 0<w<1

andc, d are positive real numbers, b are real numbers as in formyB. Now, let two
monotonic functions be
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L(x) = wele0/e-al - Rex) = werlx-aid-al, )
For convenience, the fuzzy number denotedablp,c,d;1], and the membership
Function fA of the fuzzy numberA = [a b,c,d;1]can be expressed as

fi(x) asx<b
f(x)=11 b=c=1 ©)
f (%) asx<b

wheref :[a,b] - [0,1]and f:[c,d] - [0,1]. Sincef; :[a,b] —[0,1] is continuous
and strictly decreasing, the inverse function t}f also exists.
. . L R L R H
The inverse functions of f; and f; are denoted by; and g; , respectively.
. L. . . . . . L. .

Sincef; :[a,b] - [0,1] is continuous and strictly increasing; :[0,1] - [a,b] is
also continuous and strictly increasing. SimiIaiﬂyfAR :[c,d] - [0,1]is continuous and
strictly decreasing, theng :[0,1] - [c,d] is continuous and strictly decreasing,'&

andg/f: are continuous on a closed interf@l 1] and they are integrable ¢, 1]. That
1 1

is, bothj g; (y)dy andJ. g;(y)dy are exist. Then we can u$¢ :[a b] - [0,1]
0 0

and g;:[0,1] » [a,b] to derive the inverse functions df; and f7 , which
Areg; :[0,1] - [a,b] andg} :[0,1] - [c,d], respectively.

The inverse functions deL andeR are

gt =b+(b-a)hY, gt=c-(@d-c)n.
W W

3. Fuzzy numbers by metric distance method
Definition 3. A metric spacéX,p} in which X is a nonempty andis a real number

function, bothX andp are on theX x X | wherex, y, andz[] X :

(i) p(x,y)z0,
(i) p(x,y)=0 ifandonlyif x=Yy,
(i) p(xy)=p(y,x),

(iv) p(x,y) < p(x,2),
then functiorp s called a metric.

If there are two metric spacgX,p) and(Y,w) form a new metric space called
Cartesian produck xY , its point set is a set 8 xY ={(x y): xO X, yOY}, and its
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metric7 is defined as follows:

T((%, Y1) o(Xos Y2)) = [0(X0s X ) + 0y Y )1 4)
This metric can be adapted to fuzzy numbers, acahitbe redefined as then
fa(X) for x<m
f =] A c
) {ff(x) for x=m )
fg (%) for x<m,
f =J B 6
B(X) { fBR(X) for X=m, (6)
1 1
d(A B) =[] (g5~ 95)*dy+ [ (95 - g5) *ay]™ e
0 0

is the distance of A(x) andB(x), and the inverse functions off; and f;

areg; andg;, .

Eq. (7) is the generalized ranking fuzzy number method,@m method can be used
in negative and positive ranking of fuzzy numbé¥sr the convenience of ranking n

positive fuzzy numberA , A,andA, , let B(x) =Q0in Eq. (7), soD can be rewritten as

d(A,0)=[[(g5)*dy+ [ (g7)°dy]"? ®)

4. A approach for ranking exponential trapezoidal fuzzy numbers by distance
method
This section is based on the concept of minimunrim& andEq. (7) to produce the

parameter of fuzzy megn(m= ) and fuzzy standard deviatio(a =B=0). A
exponential trapezoidal fuzzy numbAr=(a,b,c,d) and be approximated as a

symmetry fuzzy numbe§{ 1, o], 4 denotes the mean @&, o denotes the standard
deviation ofA, and the membership functionAis defined as follows:

@ if H—O < XS U
E— if HUS U+O

The inverse functionsg; andg; of f; andf} respectively, are shown as follows:
We can gefA symmetry function by immunizing this metfi; namely:
s =(u-0o)+ou (10)
Ox =(u+o)-ou (12)
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1 1
d(A,S[u.a))=I[(gx-S[u.0] dy+[(ah -S[u.a] Y dy (12)
0 0

S[,u, J] is aLR type, S[,u, J]L is the left membership function a&[i,u, J]R is the
right membership function.

Then, settmga—Dand 6_D in Eq. (12), we obtain
ou oo
1
[(9%-05)(x-y)dy
o=4—7
2](1— y)dy
0
13)
— 1 i R L
_E_([(gA + gA)dy

FromEg. (13) we can use the exponential trapezoidal fuzzy numBe (a,b,c,d); to
obtain an approximate parameter of the symmetgyfummber:

LH R ()4 17
/1=§O(9A(y)+9A(y))dy=—2£([c—(d—0)'n;yv]+[b+(b—a)'nﬁ)dy

:%Jl'((c+b)+(b—a—d +C)|nljdy:—;((c+b) y+(b-a-d +C)[yln%/—yj}1

W 0

—%[c+b+(b a- d+c)(|n——1ﬂ——[0] a+d (b_a_d”}lnv\ll. (14)

2

Theny ando are calculated as follows:
_9(d-a)+3(b-c) +(a—b—d +C]|n1
w

8 2

a+d (a—b—d+cj 1
= + In—
2 2 W

The inverse functiong; andg; of f; andfS respectively, are shown as follows:
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9" =(u-0)+au
_.a+d (b a-d+c) 1 9(d- a+3(b c) (a—b—d+cj 1
=[ In=- In=] +
2 w 2
(d-a)+3b-c +(a b- d+cj ]y:[lih—3)+ 3—51+(b_a)|n_1}
8 w
{9(0' a)+3(b C +(a b- d+cjlnl}y. (16)
8 2 w
and
g% =(u+o)-ou
_[a+d (b—a—d+cj|n£+9(d—a)+3(b c) (a b d+c;jI 1]_
2 2 w 8 2
[g(d_a)+3(b_c)+(a_b_d+cjln£]y-[ Sa+H- T+ 13 ( d)ln—l}
8 2 W 8
—[9(0'_‘3)*3("_‘3)+(a‘b‘d+c)|ni}y. A7)
8 2 w
So
BB g e (s ],
8 w 8 2
k{_saJrao_aHlm+(c—d)In—1}{9(d_a)+3(b_c)+(a_b_d+cjlnl}y
8 w 8 2 w

5. Distance measure for two exponential trapezoidal fuzzy numbers
Let A, B and C are three exponential trapezoidal fuzzy numbersotden by

A=(a,b;,c;,d)e, B=(@,b,.c,.d,) andC = (a;,b;,c;,ds)e -
Theorem 1. For A, B and C, we have

(i) d(A B)=0andd(A A)=

(i) d(AB)=d(B,A),

(i) d(AB)<d(AC)+d(C,B).

Proof:
(i). is clearly.
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(il). = Left side:
d(AB) =[] (a5 (y)-a5(y)) dy+](aR(y)-a5(y)) oI
=([((gx(y)) +(g5 (v)) 205 (v) a5 (vDey+ [ (a2 (¥)) + (95 (y))’

-205(y) g5 (y))dy'?

Right side:

—

d(B.A) =[] (g5 (¥) -9k (¥)) dy+.|l.(gBR(y)_gE(y))2 a2

=1

o= o

(a5 (v)) +(g5 () -205 (y) gk(y))dy+i((g§(y))2 +(gx(v))’
=295 (y) 9x (y))dyl"?

So left side equal to right side, thetQA, B) =d (B, A).
(iii).
d(AB)=[[(g5(y)- 05 () dy+[(aR(y)- a5 (y)) 2

0

— i 133 - +3 -5, _ 1 9d,-a, }+ 3,-c,) a,~b-d+c
AR i g o F RO B2 i gy

a,~b,~d;c
2

133, -3, +3,- 4, _ 1 _ 9d,-a, + 3,—c,)
gl 5 +(b, az)an] | g

+(

fin -y 2dy
W

( S +3-F+13, 1 9¢d,—a, }r 3,-c,) a~b-dgc 1

+£([ - +(,~d)In=]-[ A HE— gy

—[_5a2+3)2_3:2+1312+((‘?—d2)|n1] + 962—a2)+ %2_Cz)+(az_b2_d 2+C?In1']y2d)]”2
8 W 8 2 w

_ i 1:331_331+3:1_ 5:|1 _ l gdl_al)"'s(bl_cl) a1_b1_d1+C1 _1
—[{([ - +Hb-a)in g4 A HE— Iy

1332_332'*'3:2_512 _ 1 _ gdz_az)’" 3'02—02 az_bz_d #C
q 3 +(b, az)lnw] [ g +( 5 ?In%))

2B B, —a)in o 22k RemCo) APy Gy 2
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o - 3 - ~b-d
+.([([ 561"'3)183:1"':L 1+(Cl_dl)|nviv]_[ gdl al); Sbl C, )(a 12 1+C)1|n%y

_[—532+3)2;332+1312+(C2_d2)|n1] H 9d,-a, } 3,-c,) (a ~b,d 2+C)Z|n%>)
W 8 2 w

i[_5a3+3)3;3:3+1313+(%_d3)|nvlv] i[ gds_a3)8+ %3_(:3)+(a3_b3;d3+ca)lnvlv]y)2dy]l/2

- h 132 -H+3 -9, _ 1 9d,—a, ) 3b,-c,) a~b-dtc
=(]( - +(n-a)in-3+4 4 (B 2y

_[133'3_Q+3:3_ l3':13_,_

A (b-a)ing 4= R:7Co), A0S0y 5y
+[13a3—3)3;r 3,- 513+(b3_as)lnviv] +[9(d3—a3);3r3(b3—c3)+( 513—b3—2d3+c:}|n\,1v]y

1332_3)2-"3:2_52 _ 1_ 9dz_a2)+ %2 c ) a,- b d 2
q . +(b,-a)in-1 ' L ;lvm dy

IR g g g BT RIE) AL 0 Ly

R B D (g Jin g4 2R S RO AT S A Ey Ly
_13a2_3)2+3:2_512 _ l _ 9dz_a2)+ 3b2 c ) a,- b d 2
[ : +(b,~a,)in1 P Rl SLEPRY
h _533+333_3:3+1313 _ i _ 9(‘,13—83)1- 3()3—C3) - b3 d3+C3 1
+[I 5 +(e=dg)in ] 5 HE—)Insy
_[_5a2+332_3:2+1312+(c —dz)h’]i] + 9(12 a )* 3b2 C ) (az b -d +C2|n1]92dﬂ1/2
8 w 2 w
J dy*f(gA( y)-0(y))’ dy*f(gc( y)-as(y)) dy+j(gc( y)- g8 (y)) dyl?
sd(A,C)+d(C,B).
_ —5a;,+ 3, — X, + 131, _ 1 9@,-a; ) 3b,-c;) a;~b,dgc 1
[ . #(e=dIn ]+ A HE2E g
+[—5a3+3)3—3:3+1313+(cs_d3)|n 1] 1 9¢;-a )I- 3b,-c, )(a3 b,-d +C"In1]y
8 W 2 w

(Rt BB, (g Ly e :3102 So) @ Bem Gy ey

S[I([laal—ihl;&l— ‘rd1+(brai)lnvivl+[ 961""‘1); 3b,-c )+(a -b- d i ijy

_[13a3_333;' ;- €d3+(b3_as)|nvlv] -1 9ds_a3)'8" 3b3_C3)+(a3_b3_2d 3+C}a|n ﬂ ;)Zdy
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t —5a +3p - X, + 13

1. . 9¢d,-a, »* 3b,~c,) a~b-dtc
1 _d I _ 1 1 1 1 1 1 1 ‘il
[ - +(6-d)In =14 . (B2 i 3y
—[_5a3+3)3_3:3+1313+(Cs—d3)|ni] + 9@3_33)" 3b3—c3)+(a3—b3—d 3+C?Inl]y2d)] 1/2
8 W 8 2 w

Example 1. Let A=(0.1,0.2,0.3,0.4;0.3B= (0.2,0.4,0®7;0.5 and
C=(0.1,0.3,0.5,0.7; 0." are three trapezoidal fuzzy numbers, so we have

(i) d(AB)=0andd(A A)=0,
(i) d(AB)=d(B,A),
(iiiy d(A B)<d(AC)+d(C,B).

Solution:
gt =(23" 0'2* 0% 2 0.0a2)p | 2'2 0'§‘20'(2_L.2)]y= 0.07% 0.1§ ,
gg=[2-6‘1-2; 13> 33 (0.2)(0.69)H [ 4'2 °'§_20'(A0.69)y= 0.06 0.08 ,
gt =(23" 0'9; 1> 33 0.2)036)1 | 5': 0'46-_20'(AD.36)}/=— 013+ 0.53,
and
o 0-‘: 0% 52 (<0.na.2)- 2';; 0'4‘3’_20'&.2)];/: 0.43 0.18 ,
gg=[‘1+1-2§;1'5+ -1 (0.2)0.69)F 22 o'?’fzo'?o.(sg)w 0.83 0.38 ,
gf =[05 o.;& 1> 9% 0.2)036) | 5: 6, _2'4(0.36)]y= 0.93- 0.59
(i). is obvious.
(i)

1 1
d(AB)=[[(0.07+0.18~ 0.06 0.09 dy+[( 043 048 083 0yg8dy "

0

Ot——k O%——r o

[[(0.01+ O.lEy)zdy+i(— 0.4 0.9)°dy'f

[

(0.0002+ 0.022§° + o.oqa)dy+j( 0.36 0.94- Oyfdy 2]
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2 3 2
=[0.000%y + 0.022%; o.oo¥5+ 0.36+ o.éfg— o.%ﬁzel’zg

0.96+ 0.12 0.48,,
1

=[ 5 =[0.1]"*=d (A B) =[0.1]""

Now
1

(0.06+ 0.03 - 0.07 0.13%)2dy+j( 0.83 0.88 043 0y)8dy

0

—

d(B,A)=[

(-0.01- 0.15/)° dy+f( 0.4 0.9)"dy'f

0

[

Ot O%—=— o

[[(0.0001+ 0.022§" + o.oqa)dy+j( 0.3 0.9%- Oy)édy“z]

0

=[0.000y + o.022%+ o.oo%+ 0.36+ 0.334—0.16%}’2];
96+ 0.1 0.4

:[o 6+ o6 0 ﬁ

Then d (A B)=d(B,A).

(iii). Of (i) we knowd (A, B) =[0.1}"2.

'2=[0.1]"?=d(B, A) =[0.1]""

d(A,C)=[J1'(O.O7+ 0.1+ 0.13 O.S)B)Zdy+j( 043 0.48 083 0bay?

(0.2-0.39° dy+j(— 0.5 0.3p dy 'f*

0

(0.04+ 0.1 - O.l4l)dy+_|1'( 0.25 0.32- 3§ dy'}

0

[

Ot O

[

3 2 3 2
=[0.04y + 0.1%— o.14"§+ 0.26+ O.ﬁ%— %“ﬂé]

=[0.12}"* = d(A,C) =[0.12}%.

and
1

(-0.13+ 0.5y~ 0.06 0.08"dy+[( 0.93 0.§3 083 0fddy"”

0

—

d(C,B)=[

1

(-0.19+0.5/)°dy+ [( 0.F 0.15)"dy "

0

ot—r o

[
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:[j(0.04+ 0.25%- 0.19 ()y+i (0.0+ 0.0235- 0.93)"*

3 2

3 2
=[0.04y + 0.25%— o.19\’5+ 0.00+ 0.02%— o.&gg ]

(O3 0':4' 0-8%2 _0 0312 = d(C, B) =[0.03"2

Then

d(AB)<d(AC)+d(C,B)=[0.1}"*<[0.12}'?+[0.03}"*
=0.32< 0.35+ 0.12 0.32 0.52.

Theorem 2. For three exponential trapezoidal fuzzy numi#e® andC, we have
() d(A+B,B+C)=d(AC),

(i) d(A+B,0)<d(A,0+d(B,0,

(iii) d(AAAB)<Ad(AB), AOR.

Proof:

0
d(A+B,B+C)=[[([gx(y)+gs(¥)] - g5 (y)+ g (vD *dy
+[M9R(y)+ 98 (Y115 (y)+ 08 (v)) *dy 2
=[[(gk(y)+9s(y) -5 (v) -0 (y) dy
+[ (g8 (v)+ 05 (v)- 95 (v) - o€ (y))'ay"”?
=[[(ga(y) - ge(y)Zdy+ [ (92 (y) - 98 (¥)) "> =d(A O).
(ii).
d(A+B,0) =[] ([gx(y) +gs (¥)1 -0)dy+ [ (gR (¥) + 05 (V)] -0) "™
<[[(gx(y)-0ydy+[(gx(v) -0y dyl**+[ (g5 (v) -0V dy+[ (05 (y) - 0)y]"?
=d(A0)+d(B,0=d(A+B,J <d @A,0d B ,0).
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(iii).
d(AAAB) =[] (195 (y) ~Ags (V) dy+ [ (A5 (y) - Agg (y) eyl 2

=[[A%(gx(y) =95 (YD) 2dy+ [A%(g5 () - g5 () o]

=[2%[(9x (y) - 95 (YD) ’dy+ [ (g5 (v) - 05 (y)) ‘vl "

(42)1[ (gt () - a5 (y)dy+ [ (95 (v) - o3 (v) a2
A

d(AB)=d(AAAB)=Ad(AB). o

Example2. Let A=(0.1,0.2,0.3,0.4; 0.3B= (0.2, 0.4, 0®7; 0.5 and
C=(0.1,0.3,0.5,0.7; 0." are three trapezoidal fuzzy numbers, so we have
() d(A+B,B+C)=d(AC),

(i) d(A+B,0)<d(A,0+d(B,0,

(i) d(AAAB)<Ad(AB), AOR.

Solution:

g, =0.07+ 0.1& ,g; = 0.06 0.08 gc=- 0.33 0.%:

and
gr =0.43- 0.18 ,g5 = 0.83 0.38 g5= 0.93 0.%3

@i).
d(A+B,B+C):[j.([0.07+O.1Ey+ 0.06- 0.03} [0.06 0.3 0.13 0%3F))

+i([0.43— 0.18+ 0.83 0.3 1 [0.83 0.38 0.93 0BTy ">

=0.36,
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and
1

d(A,C):[j([o.o7+ 0.18/ } F0.13+ 0.59 ]3+j ([0.43 0.38- [0.930.53y ] dy]"?

0

=0.36,
so d(A+B,B+C)=d(AC).

(ii).
d(A+B,O)=[J1‘([0.O7+ 0.18+ 0.06 0.08 [oi)+j ([0.43 0.38 0.83.38y]- [0])dy]"?

0

=1.02,
and

d(A0)= [j ([0.07+ 0.18 } [O]f +j ([0.43- 0.18 } [Opdy J?= 0.38,
and
d(B,0)= [j ([0.06+ 0.03 I [O]} +j ([0.83- 0.38 }[0])%dy]"*=0.65,

S
d(A+B,0)=1.02<d(A,J+d(B,Q= 0.38 0.65 1.03.

6. Ranking exponential trapezoidal fuzzy numberswith distance method
In this section, we can define the ranking expadaéntapezoidal fuzzy numbers by
distance method.

Theorem 3. If A=(a,b,c,,d;). and B=(a,,b,,c,,d,). are two exponential
trapezoidal fuzzy numbers abdis a distance method of them, so
(i)If D(A0)<D(B,0) then A<B,

(iyIf D(A0)=D(B,0) then A=B,
(i) If D(A0)=D(B,0) then A=B.
Example 3. Let A=(0.2,0.4,0.6,0.8;0.35)B= (0.1, 0.3, 0.3501)are two

trapezoidal fuzzy numbers, then
g, =0.11+ 0.3y ,g5 = 0.89 0.3p
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D(A0)= Jl'(g;)zdy+j(g§)2dy}
:_j(o.11+ 0.33/)2dy+f( 0.89 0.3)9)2dy}:[ 0j6’= 0.7
and - ’

g5 =—0.01+ 0.26/ ,gf = 0.5 0.26

o(8.0 f(asf e (st o

Ot O

(-0.01+ o.zey)zdy+i( 0.5% O.Zﬁ)zdy}:[ 0i7= o«

Of Theorem 3. we haveD (A,0) = 0.77>D(B,Q = 0.4Z then A>B.

Example4. Let A=(0.1,0.2,0.4,0.5;1)B= (0.1, 0.3, 0.3, 015are two trapezoidal
fuzzy numbers, then

gx=-0.7+0.3% ,95 = 0.6# 0.3y

D(A0)= j(gk)zdwi(gi)zdy}
=_j(—0.7+ 0.37y)2dy+f( 0.67 0.37)2dy}=[ 0.3#= or
and - ’

g; =-0.15+ 0.4% ,g5 = 0.75 0.4%

0(8.9 flos o (st |

Ot O

(-0.15+ o.45/)2dy+jl( 0.75 0.4\‘,5)2dy}=[ 032= o

Of Theorem 3. we haveD (A,0) = 0.52<D(B,( = 0.5€ then A<B.
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Example 5. Let A=(0.1,0.2,0.4,0.5;1)B= (1,1,1,1; are two trapezoidal fuzzy

numbers, then

gl =-0.7+0.3% , g% = 0.67% 0.3y

D(A0)= (g:)zdwf(gi)zdvr

Ot O

(-0.7+ 0.373/)2dy+i( 0.67 0.37)2dy}:[ 037 = 0.t

and
gs =1 g5 =-1.
r R 1 ) 1/2
(95) dy+](gs) dy}
0

(1)° o|y+f(—1)2 dy} =[24"*=1.4

Of Theorem 3. we haveD (A,0)=0.52<D(B,Q = 1.4 then A<B.

Ot O

Example 6. Let A=(-0.5-0.3-0.3; 0.1)l B= (0.1,0.3,0.3,0.5are two
trapezoidal fuzzy numbers, then
gr=-0.75+ 0.4% ,g} = 0.15 0.4

D(A0)= j(gk)zdwi(gi)zdy}
=—_|l.(—0.7+ 0.3731)2dy+J1'( 0.15 0.45)2dy}:[ 032°= o=
and - i

g5 =-0.15+ 0.4% ,g5 = 0.75 0.4p

0(8.9 flo5 o (st |

Ot O

(-0.15+ 0.45)"dy+[( 0.75 0.4&5)2dy}:[ 037= o

Of Theorem 3. we haveD (A,0) = 0.56=D (B, = 0.5€ then A=B.
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Example 7. Let A=(0.3,0.5,0.5,1;1 B= (0.1,0.6,0.6,0.8are two trapezoidal

fuzzy numbers, then
gi=-0.14+ 0.79 ,g5 = 1.44 0.79

r ) R 1 . ) 1/2
(gx) dy+[(aR) dy
0

(-0.14+ 0.79)" dy + j(144 0.79) dy} [ 1.36'=

0

D(A0)=

Ot O

and
g; =-0.34+ 0.7y ,g§ =124 0.9

D(B,0)=

(gé)zdy+i(g§)2dy}
(-0.34+ 0.73/)2dy+i( 1.24 O.m)zdy}:[ 0§Z= o

Of Theorem 3. we haveD (A,0)=1.12>D(B,( = 0.9 then A> B,

Ot O

Example8. Let A=(0,0.4,0.6,0.8;1 B= (0.2,0.5,0.5,0.9;:and
C=(0.1,0.6,0.7,0.8; 1 are two trapezoidal fuzzy numbers, then
gr =-0.42+ 0.8% ,g; = 1.22 0.82

r ) R 1 . ) 1/2
(g5) dy+[(aR) dy
0

(-0.42+ o.sa/)zdy+f(1.22 0.832)2dy}:[ 0fr= o

D(A0)=

Ot O

and
gs =—0.24+ 0.7y ,g5 = 1.34 0.7

r ) R 1 . ) 1/2
(95) dy+[(ag) dy
0

(-0.24+ 0.79)" dy + j(134r 0.79) dy} [ 1.0T =

0

D(B,0)=

Ot O

and
gc =-0.3+0.75,95 = 1.2 0.7%
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:“(—0.3+ 0.75y)2dy+f(1.2 O.7§)2dy}:[ 0.78°= 0.

Of Theorem 3. we haveD(C,0)=0.88<D(A,J= 0.%xD(B ,p= : then
C< A<B.

Example 9. Let A=(0.1,0.2,0.4,0.5)1 B= (-2,0,0,2;are two trapezoidal fuzzy
numbers, then
gr =-0.07+ 0.3% ,gf = 0.67% 0.3¢

D(A0)= (gx)zdwf(gi)zdvr

|
_T(—o.07+ 0.375/)2dy+i( 0.67 o.w)zdy}:[ 037 = ot

and

g,'_;, =-4.5+4.5, gBR =45 4§
- 1 1/2

D(8,0)= (g;)zdwj(gs)zdy}
0

Ot Ot

(-4.5+ 4.5)° dy+.|%(4.5— 4.&)2dy}=[ 1342°= 36

Of Theorem 3. we haveD (A,0) = 0.52<D(B,( = 3.6€ then A<B.

Table 1: A comparison of the ranking results for differeppeoaches

Approches Ex.1 Ex. 2 Ex.3 Ex. 4 Ex. 5 Ex. 6 Ex.7
Cheng [7] A<B A~B Error A~B A>B A<B<C Error
Chu [12] A<B A~B Error A<B A>B A<B<C Error
Chen [9] A<B A<B A<B A<B A>B A<C<B A>B

Abbasbandy [3] Error A~B A<B A~B A<B A<B<C A>B
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Chen [10] A<B A<B A<B A<B A>B A<B<C A>B
Kumar [16] A>B A~B A<B A<B A>B A<B<C A>B
Singh [24] A<B A<B A<B A<B A>B A<B<C A>B
Rezvani [21] A>B A>B A<B A<B A<B A<B<C A<B

Proposed approach A>B A<B A<B A~B A>B C<A<B A<B

7. A Similarity Measure between Exponential Trapezoidal Fuzzy Numbers

In this section, a method is presented to calcutaedegree of similarity between fuzzy
numbers based on S. M. Chen method and proposddritiymeasure is compared with

seven existing methods (Chens method, Lees me@tmeh and Chens method, Wei and
Chens method, Wen and Zhous method, Hejazi's methddRezvani’'s method) using 17
sets of generalized fuzzy numbers shown in Figuréhk proposed method combines
concepts of the exponential trapezoidal fuzzy nurabe distance method.

The similarity measurﬁ(A, B) betweenAandB is calculated as follows:

d (/j: B) 19

s(AB)=1-

where

1 1/2

1

2 2

D(A0)=|[(g5-9s) dy+[(0f-05) dy
0 0

The proposed similarity measure between generafizery numbers has the following

properties.

Theorem 4. Let A=(a,b,c,,d,). and B=(a,,b,,c,,d,). are two exponential
trapezoidal fuzzy numbers, SS(A, B) D[O,]] .
Proof. A,BD[O,]] . SO d(A, B)D[O,]] . we can obtainS(A, B)D[O,]] . O
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Theorem 5. S(A, L5>) =1- A=B.
Proof. By theorem.1 part (i) we knowd (A, A) =0, so
If A=B « d(A,A)ZO, then

. =1- S(A,é): 1. 0

S(AB)=1- = S(AB)=1-
Theorem 6. S(A, L5>) = S(B, A).
Proof.

g;—g;)zow}(gi—g;*)zdyT

S(Ag)ﬂ_d(ie)zl_[!( o

-2

-2

Example 10. Let A=(0.1,0.2,0.3,0.4J1 B= (0.1,0.25,0.25,0.4 are two
trapezoidal fuzzy numbers, then

gL =-0.05+ 0.3/ ,gX= 055 0§ g,=- 0.00 0.94g°= 059 O

=d(AB)=0.048= S(A B) = 1—#3: 0.988

Example 11. Let A=(0.1,0.2,0.3,0.4)t B=( 0.1,0.2,0.3,0.Yare two trapezoidal
fuzzy numbers, then
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gt =-0.05+ 0.3/ ,gX= 055 08 g =- 0.06 03gi= 055 9

d(AB)=0= S(A,B):l—g=l.

Example 12. Let A=(0.1,0.2,0.3,0.4)1 B=( 0.4,0.55,0.55,0)i are two

trapezoidal fuzzy numbers, then
gr=-0.05+ 0.3/,95= 055 08 g;= 064 0.94g;= 0.89 0y

= d(AB)=0.73=S(AB)= 1~ 0773_ 0.817

Example 13. Let A=(0.1,0.2,0.3,0.4)1 B=( 0.4,0.5,0.6,0f are two

trapezoidal fuzzy numbers, then
gx=-0.05+0.3/,95= 055 0% g;= 0.26 Oy3g5i= 0.85 9

—d(AB)=0.42=S(AB)=1- 0742_ 0.895

Example 14. Let A=(0.1,0.2,0.3,0.41 B=( 0.1,0.2,0.3,0.4;Jare two

trapezoidal fuzzy numbers, then
gi=-0.05+ 0.3/,95 = 0.55 08 g;=- 0.028 0.98g5= 053 Oy

= d(AB)=0.014= S(A B) = 1—%14_ 0.996

Example 15. Let A=(0.3,0.3,0.3,0.3)1 B=( 0.3,0.3,0.3,0.Fare two trapezoidal

fuzzy numbers, then
g,=0.3,9:=0.3 g; = 0.3,g5 = 0.

:d(AB):O:S(A,B):l—%:L

Example 16. Let A=(0.2,0.2,0.2,0.2)1l B=( 0.3,0.3,0.3,0F are two
trapezoidal fuzzy numbers, then

g,=0.2,9:=0.2 g;= 03,g5= 0.

—d(AB)=0.14=S(AB)=1- %1_ 0.965

Example 17. Let A=(0.1,0.2,0.2,0.3)1 B=( 0.3,0.3,0.3,0.fare two trapezoidal

fuzzy numbers, then
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gr =-0.025+ 0.22% ,gf = 0.425 0.235g;= 0.35= |

=d(AB)=0.226= S(A B) = 1—%26- 0.943

Example18. Let A=(0.1,0.2,0.2,0.3)1 B=( 0.2,0.3,0.3,0.Yare two

trapezoidal fuzzy numbers, then
gs =-0.025+ 0.22% ,gx = 0.425 0.2359g; = 0.0¢5 0.325; = 0-52 286y2

=d(AB)=0.14=S(AB)= I %1- 0.965

Example19. Let A=(0.1,0.4,0.4,0.7)1 B=( 0.3,0.4,0.4,0.Jare two

trapezoidal fuzzy numbers, then
g, =-0.275+ 0.67y ,g5 = 1.0# 0.6% g, = 0.175 0.32535 =  0.625 26y

— d(AB)=036=S(AB)= L 0736_ 0.91

Example 20. Let A=(0.2,0.3,0.5,0.6)1 B=( 0.3,0.4,0.4,0.Fare two

trapezoidal fuzzy numbers, then

g =0.025+ 0.37§ ,gf= 0.775 0315 g:= 0.175 0.325° =  0.62528y

=d(AB)=0.12=S(AB)= 1 0712_ 0.97

Example21. Let A=(0.4,0.4,0.4,0.8)1 B=( 0.3,0.4,0.4,0.Fare two
trapezoidal fuzzy numbers, then

t= 0.175 0.225g7= 0.625 0

gx=0.15+ 0.4% ,g5 = 1.05 0.46 g =

=d(AB)=0.34=S(AB)= 1 %1_ 0.915

Example22. Let A=(0.2,0.3,0.4,0.5)1 B=( 0.3,0.4,0.5,0.fare two

trapezoidal fuzzy numbers, then

g- =0.05+ 0.3/ ,g% = 0.54 0§ g,= 0.15 03gi= 075 ¢

=d(AB)=0.23=S(AB)= I 0723_ 0.942

Example23. Let A=(0.1,0.2,0.2,0.3)1 B=( 0.1,0.2,0.2,0.3;Pare two

trapezoidal fuzzy numbers, then
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gt =-0.025+ 0.22y ,g8= 0.425 0.235g:= 0.0¢1 0.38%°=  0.38980y

=d(AB)=0.03=S(AB)=1- %3— 0.992

Example24. Let A=(0.1,0.2,0.2,0.3)1 B=( 0.2,0.2,0.2,0.2;Fare two

trapezoidal fuzzy numbers, then

gt =-0.025+ 0.22§ ,gf= 0.425 023 g.= 0.35=

= d(AB)=0.17=S(AB)= 1 0717_ 0.957

Example25. Let A=(0.1,0.4,0.4,0.7;0.895 B=( 0.3,0.4,0.4,0)4are two
trapezoidal fuzzy numbers, then

gt =-0.22+ 0.6% ,g% = 1.02 0.62 g- = 0.175 0.225g°%= 0.625 Oy

= d(AB)=0.32=S(AB)= 1 OT‘Q’Z_ 0.92

Example 26. Let A=(0.2,0.3,0.5,0.6;0.79205B=( 0.3,0.4,0.4,0 are two
trapezoidal fuzzy numbers, then

g =0.048+ 0.3 ,gf"= 0.75 0.38 g.= 0.175 0.35g5= 0.625 Oy

=d(AB)=0.11=S(AB)= I OTll' 0.972

Example27. Let A=(0.2,0.3,0.5,0.6)1 B=( 0.2,0.3,0.3,0.are two
trapezoidal fuzzy numbers, then

g =0.025+ 0.37¥ ,gx = 0.775 0.3¥3 g, 0.095 0.3859g5= 05226y

d(AB)=0.19=S(AB)= I 0719_ 0.95
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Table 2: A comparison of the ranking results fdfedent approaches

Sets Csh';:[‘ Le‘;' H. Che]“' S| Wei.s.H | Hejazi. S.R | Wen.] Rez‘s’a“i' p;:;}:ﬁzzd
Set1 0.975 0.9617 0.8357 0.95 0.9004 0.9473 | 0.9464 0.988
Set2 1 1 1 1 1 1 1 1
Set3 0.7 0.5 0.42 0.682 0.6465 0.6631 | 0.6625 0.817
Set 4 0.7 0.5 0.49 0.7 0.7 0.7 0.7 0.8951
Set5 1 1 0.8 0.8248 0.6681 0.6659 | 0.6308 0.996
Set 6 1 * 1 1 1 1 1 1
Set7 0.9 0 0.81 0.9 0.9 0.9 0.9 0.965
Set8 0.9 0.6 0.54 0.8411 0.37 0.3896 | 0.7794 0.943
Set9 0.9 0.6667 0.81 0.9 0.9 0.9 0.9 0.965
Set10 0.9 0.8333 0.9 0.7833 0.6261 0.7731| 0.7752 0.91
Set11 0.9 0.75 0.72 0.8003 0.6448 0.7938 | 0.7938 0.97
Set12 0.9 0.8 0.8325 0.8289 0.7361 0.7478 | 0.5707 0.915
Set13 0.9 0.75 0.81 0.9 0.9 0.9 0.92 0.942
Set 14 1 1 0.7 0.7209 0.5113 0.5104 | 0.4817 0.992
Set 15 0.95 0.7 0.9048 0.6215 0.383 0.4242 | 0.3928 0.957
Set16 0.9 0.8333 | 0.7425 0.814 0.6261 0.7321 | 0.6752 0.92
Set17 0.9 0.75 0.8911 0.838 0.6448 0.7432 | 0.4445 0.972
Set 18 0.9 0.75 0.6976 0.8003 0.6448 0.7144 0.711 0.95

45




Salim Rezvani and Majid Mousavi

8. Conclusion

Similarity and distance measure between two fuzmlvers are closely related concepts.
So it is possible to express similarity measure disiance measure between fuzzy
numbers by a functional relationship. In this paper define the metric distance between
two exponential trapezoidal fuzzy numbers and wethis metric for similarity measure.
The basic properties of the above-mentioned siihilaneasure are proved in detail.
Finally, we rank two generalized fuzzy numbers gslistance measure and the similarity
measure between them.
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