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ABSTRACT 
In this paper, we study the class of cubic metrics which are used in the theory of 
space-time structure and general relativity. We consider the homogeneous geodesics in 

the homogeneous cubic space. Let ( , )M F be a homogeneous cubic space and F defined 

by the Riemannian metric aɶ and the vector fieldX . First, we show that X  is a 

geodesic vector of ( , )M F  if and only if it is a geodesic vector of ( , )M aɶ  Also, we 

find a condition under which an arbitrary vector is a geodesic vector of cubic metric if 
and only if it is a geodesic vector of Riemannian metric. Then we show that, for Berwald 
type cubic metric, if the underlying Riemannian metric is naturally reductive, then the 

cubic metric is naturally reductive. Finally, we find the formula of the flag 
curvature of the class of cubic metrics. 
 
Keywords: Homogeneous Finsler spaces, homogeneous geodesic, left invariant metric, 
cubic metric, ( , )α β metric, Berwald metric, flag curvature. 
 
1. Introduction 
There are two important classes of Finsler metrics, namely, the class of m -th root 

metrics and the class of ( , )α β -metrics. Let ( , )M F be an n -dimensional Finsler 

manifold, TM its tangent bundle and ( , )i ix y the coordinates in a local chart on TM . 

Let F  be a scalar function on TM  defined by mF A= , where A  is given by 
1 2

1... ( ) ... m

m

i i i
i iA a x y y y= such that 

1... mi ia is symmetric in all its indices. F  is called 

an m -th root Finsler metric. The theory of m -th root metrics has been developed by 
Shimada [10, 11, 14], and applied to Biology as an ecological metric by Antonelli [1]. It 
is regarded as a direct generalization of Riemannian metric in the sense that the second 

root metric is a Riemannian metric ( ) i j
ijF a x y y= . The third and fourth root 

metrics are called the cubic metric 3 i j k
ijkF a y y y=  and quartic metric 
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4 i j k l
ijklF a y y y y= respectively [17,18]. The special m -th root metric 

1 2 ... mi i imF y y y=  is called Berwald-Moor metric which plays a very important role in 

theory of space-time structure, gravitation and general relativity. Recently studies show 
that the theory of m -th root Finsler metrics plays a very important role in Gravitation, 

Cancer and Seismic Ray Theory [13, 15, 17, 19]. An ( , )α β -metric is a Finsler metric of 

the form ( )F sα= Φ , s
β
α

= where ( )sΦ = Φ is a C ∞  function on 0 0( , )b b− , 

( ) i j
ija x y yα = is a Riemannian metric and ( )i

ib x yβ = is a 1-form on M . These 

metrics have important applications in Physics, Mechanics and Seismology, etc, see for 
instance [1, 19] .  

In [20], Wegener studied cubic Finsler metrics of dimension two and three. The first 

half of the third section of Wegeners paper [20] is devoted to making a list of Berwald 

spaces and locally Minkowski spaces with cubic metric of the normal form. He has 

proved that every two and three-dimensional cubic Finsler metric with vanishing 

Landsberg curvature is Berwaldian. Wegener's paper is only an abstract of his PhD thesis 

without almost all calculations. In [8], Matsumoto studied cubic Finsler metrics and gave 

an improved version of Wegener's results. There is a interesting relation between an 

m -th root metric and an ( , )α β -metric. In [9], Matsumoto-Numata studied the class of 

cubic metrics and proved the following. 

Lemma 1.1. ([9]) Let 3 i j k
ijkF a y y y= be a cubic Finsler metric on a manifold M  

of dimension dim(M ) ≥ 3. If F is a function of a non-degenerate quadratic form 

( ) i j
ija x y yα = and a one-form ( )i

ib x yβ = which is homogeneous in � and � of 

degree one, then it is written in the following form 
2 33

1 2F c cα β β= +  

where 1c  and 2c  are real constants. 

Lemma 1.1 shows that the class of Finsler metrics in the form (1.1) is very important in 

order to studying of the class of cubic metrics.  

A connected Riemannian manifold ( , )M g is said to be homogeneous if a connected 

group of isometries G acts transitively on it [6]. Such M  can be identified with 

( , )
G

g
H

where H is the isotropy group at a fixed point ο  of M . The Lie algebra g of 
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G  admits a reductive decomposition g m h= ⊕ , where m g⊂ is a subspace of g 

isomorphic to the tangent space 0T M  and h is the Lie algebra of H [4]. In general, 

such a decomposition is not unique. A homogeneous geodesic through the 

origin Mο ∈ = 
G

H
is a geodesic ( )tγ  which is an orbit of a one-parameter subgroup 

of G , that is ( ) exp( )( )t tzγ ο= , t R∈ , where Z  is a nonzero vector of g.   

A Finsler space ( , )M F is called homogeneous Finsler space if the group of 

isometries of ( , )M F i.e., I( , )M F acts transitively on M . A vector { }0X g∈ −  

will be called a geodesic vector if the curve ( ) exp( )( )t tX pγ = is a constant speed 

geodesic of ( , )M F Let ( , )M F be a Finsler space. As in the Riemannian case, we 

have two kinds of definitions of isometry on ( , )M F in terms of Finsler function in the 

tangent space and the induced non-reversible distance function on the base manifold 

M . For the distance function induced by Finsler function, see [16]. The equivalence of 

these two definitions in the Finsler case is a result of Deng-Hou [3]. They also prove that 

the group of isometries of a Finsler space is a Lie transformation group of the underlying 

manifold which can be used to study homogeneous Finsler spaces. 

In [5], Kowalski-Vanhecke studied Riemannian manifolds with homogeneous 

geodesics and proved that a vector { }0X g∈ − is a geodesic vector if and only if holds, 

where ,〈 〉  denotes the ( )Ad H -invariant scalar product on m  induced by the 

Riemannian scalar product on 0T M  and the subscripts m  indicates the projection into 

m . In this paper, we study geodesics vectors in homogeneous cubic space and prove the 
following. 
 
Theorem 1.2. Let F be the cubic metric (1.1) on a homogeneous manifold M  which is 

defined by the Riemannian metric aɶ  and the vector field X . Then X  is a geodesic 

vector of ( , )M aɶ if and only if it is a geodesic vector of ( , )M F .  

Let ( , )
G

M g
H

= be a Riemannian homogeneous space, and g m h= ⊕ be a reductive 

decomposition. In [4], Kowalski-Vanhecke proved that X g∈ is a geodesic vector if 

and only if ([ , ] , ) 0,m mg X y X =  y m∀ ∈ . In [6], the second author proved a similar 

theorem for Finslerian case as follows. More precisely, he proved that a vector 

{ }0X g∈ − is geodesic vector if and only if ([ , ] , ) 0,
mx m mg X Z X =  Z m∀ ∈ holds. 
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For other progress, see [6], [7] . We find a condition under which an arbitrary vector is a 
geodesic vector of cubic metric if and only if it is a geodesic vector of Riemannian 
metric. 

Theorem 1.3. Let F be the cubic metric (1.1) on a homogeneous manifold 
G

H
which is 

defined by the Riemannian metric aɶ  and the vector field X . Let { }0y g∈ −  such 

that ( , ) 0ma X y ≠ɶ and for any Z m∈ , ( ,[ , ] ) 0ma X y z =ɶ .Then y  is a geodesic 

vector of ( , )
G

F
H

 if and only if y is ageodesic vector of ( , )
G

a
H
ɶ . 

Let G  be a Lie group and H  be a closed subgroup of G . The coset space 
G

H
has a 

unique smooth structure such that G  is a Lie transformation group of 
G

H
. It is called 

reductive if there exists a subspace m of the Lie algebra g of G  such that g m h= ⊕ , 

where h is the Lie algebra of H  and ( )Ad h m m⊂ , h H∈  (see [7]). A Finsler 

space ( , )M F is called a Berwald space if the Chern connection coefficient 

( , )k k
ij ij x yΓ = Γ  in natural coordinate systems have no dependence on the vector y. In 

this paper, we study natural reductive homogeneous cubic space. 
 

Theorem 1.4. Let ( , )
G

M F
H

= be a homogeneous Finsler space, where F  is an 

invariant cubic metric (1.1) defined by the Riemannian metric aɶ  and the vector field 

X  which is of Berwald type. If ( , )
G

a
H
ɶ is naturally reductive, then ( , )

G
F

H
is 

naturally reductive. 
Finally, we give the flag curvature formula of invariant cubic metrics which are 

induced by invariant Riemannian metrics and invariant vector fields on homogeneous 
spaces. 

Theorem 1.5. Let ( , )
G

M F
H

= be a naturally reductive cubic space with F  defined 

by the Riemannian metric aɶ  and the vector field X .i.e, 

33
1 2( ) ( , ) ( , ) ( , )F y c a X y a y y c a X y= +ɶ ɶ ɶ be a flag in m such that ( , )P y is an 

orthonormal basis of p  with respect to aɶ . Then the flag curvature of the flag 

( , )P y in m  is given by 
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2

( , ) 1
( , ) { 3 ( ([ , ] ,[ , ] ) ([ , ] ,[ , ] )) ( , )

4h m m m

a X y
K p y c a u y X y a u y X y a X u

D
= − +
ɶ

ɶ ɶ ɶ

2

1

1
( ( ,[[ , ] , ]) [ , ] )}

4hc a u u y y u y+ +ɶ  

         2
3

2 1
{ ( , )( ([ , ] ,[ , ] ) ( ([ , ] ,[ , ] )) },

3 4h m m ma X u a u y X y a u y X y B
DF

+ +ɶ ɶ ɶ  

where 
2

1 23 ( , )A c c a X u= + ɶ , 2
1 23 ( , )B c c a X y= + ɶ ,  

                2 2 21
( , ) ( , ) (1.2)

3
D F a X y A a X u B

F
= −ɶ ɶ  

2. Preliminaries 

Let M  be a n -dimensional C ∞   manifold and x
x M

TM T M
∈

= ∪  the tangent 

bundle. Let ( , )M F  be a Finsler manifold. The following quadratic form yg  on 

xT M  is called fundamental tensor 

2
2

0,

1
( , ) [ ( )] ,

2y s t xg u v F y su tv u v T M
s t = =
∂= + + ∈

∂ ∂
 

Let x M∈  and 
xx T MF F=  To measure the non-Euclidean feature of xF , define 

trilinear form :y x x xC T M T M T M R⊗ ⊗ →  by 

3
2

0

1
( , , ) [ ( )] ,

4y r s tC u v w F y ru sv tw
r s t = = =

∂= + + +
∂ ∂ ∂

 

where , , xu v w T M∈  The family 
0

{ }y y TMC C ∈=  is called the Cartan torsion [6]. It 

is well known that C  = 0 if and only if F  is Riemannian. 

Given a Finsler manifold( , )M F , then a global vector field G  is induced by F on 

0TM , which in a standard coordinate ( , )i ix y for 0TM is given by  

2 ( , )i i
i i

G y G x y
x y

∂ ∂= −
∂ ∂

 where 

2 2 21
: , .

4
i il k

xk l l

F F
G g y y T M

x y x

 ∂ ∂= − ∈ ∂ ∂ ∂ 
 

 

G is called the spray associated to ( , )M F . 
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For a tangent vector 0y TM∈ define :y x x x xB T M T M T M T M⊗ ⊗ → by 

( , , ) ( )i j k
y jkl xi

B u v w B y u v w
x

∂=
∂

where 

33

,
ii

jki
jkl j k l l

G
B

y y y y

∂ Γ∂= =
∂ ∂ ∂ ∂

 

where ( , )k k
ij ij x yΓ = Γ denotes the Christoffel symbols of the Chern (Berwald) 

connection of F .  

B  is called the Berwald curvature. Then, F  is called a Berwald metric if B  = 0. 

Let : ( , ) ( , )M F M Fφ → be a diffeomorphism. Then φ  is called an isometry of 

( , )M F if ( ( ), ( )) ( , ),xF x d x F x Xφ φ = x M∀ ∈  and xx T M∈ . The group of 

isometries I( , )M F of a manifold M  is a Lie transformation group of M . ( , )M F is 

called Finslerian homogeneous space if the group of isometries, i.e., I( , )M F acts 

transitively on M . Hence, in homogeneous Finsler space the tangent Minkowski spaces 

( , )x xT M F are all linearly isometric to each other. 

A homogeneous space 
G

H
of a connected Lie group G  is called reductive if the 

following conditions are satisfied: 
 
(1) In the Lie algebra g  of G  there exists a subspace m such that g m h= +  (direct 

sum of vector subspaces), 
 

(2) ( )ad h m m⊂  for all h H∈ , where h  is the subalgebra of g  corresponding to 

the identity component 0H  of H  and ( )ad h denotes the adjoint representation of 

H  in g . 

It is remarkable that, condition (2) implies(2)′  [ , ]h m m⊂ . Conversely, if H  is 

connected, then (2)′ implies (2) (For more details, see [4] and [12]). 

A homogeneous manifold 
G

H
with an invariant Finsler metric F is called naturally 

reductive if there exists an ( )Ad H - invariant decomposition g m h= + such that 

              ([ , ] , ) ([ , ] , ) 2 ([ , ] , , ) 0, (2.1)y m y m y mg x u v g x v u C x y u v+ + =  

where 0y ≠ and , ,x u v m∈ (see[5]) . 
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For 0y TM∈ , the Riemann curvature is a family of linear transformations  

:y x xR T M T M→  with homogeneity 2 ,y yR Rλ λ=  0λ∀ 〉  defined by 

( ) ( )i k
y k i

R u R y u
x

∂=
∂

 where 

              
2 2

( ) 2 2 (2.2)
i i i i j

i j j
k k j k j k j k

G G G G G
R y y G

x x y y y y y

∂ ∂ ∂ ∂ ∂= − + −
∂ ∂ ∂ ∂ ∂ ∂ ∂

 

The family 
0

{ ( )} y TMR R y ∈=  is called the Riemann curvature. 

For a flag { , } xP span y u T M= ⊂ . With flagpole y, the flag curvature ( , )K K p y=  

is defined by 

             
2

( , ( ))
( , , ) (2.3)

( , ) ( , ) ( , )
y y

y y y

g u R u
K x y p

g y y g u u g u y
=

−
 

The flag curvature ( , , )K x y p  is a function of tangent planes. 

{ , } xP span y u T M= ⊂ . This quantity tells us how curved the space is at a point. If F  

is a Riemannian metric, ( , , )K x y p  = ( , )K x p  is independent of \ {0}y p∈ . 

Thus the flag curvature in Finsler geometry is a natural extension of the sectional 
curvature in Riemannian geometry. 
 
3. Proof of main theorems 
Proof of Theorem 1.2. According to Lemma 1.1, we have 

           33
1 2( ) ( , ) ( , ) ( , )F y c a X y a y y c a X y= +ɶ ɶ ɶ                   (3.1) 

where 1c  and 2c  are real constants. For ,r s R∈ , (3.1) can be written as follows 

1

2
3 3

2

( ) [ ( , ) ( , )

( , ) ] (3.2)

F y ru sv c a X y ru sv a y ru sv y ru sv

c a X y ru sv

+ + = + + + + + +

+ + +

ɶ ɶ

ɶ

  

By (3.2), we get 

1 1 2

2
( , ) { ( , ) ( , ) ( , ) ( , ) 3 ( , ) ( , ) ( , )

3yg u v c a X u a y v c a X v a y u c a X u a X v a X y
F

= + +ɶ ɶ ɶ ɶ ɶ ɶ ɶ  

1 ( , ) ( , )}c a u v a X y+ ɶ ɶ 1 14

1
{ ( , ) ( , ) 2 ( , ) ( , )

9
c a X v a y y c a X y a y v

F
− +ɶ ɶ ɶ ɶ  

2 2
2 1 1 23 ( , ) ( , ) }{ ( , ) ( , ) 2 ( , ) ( , ) 3 ( , ) ( , ) } (3.3)c a X v a X y c a X u a y y c a X y a y u c a X u a X y+ + +ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ

For all Z m∈ , (3.3) implies that 

1 1 1

2
( ,[ , ] ) { ( , ) ( ,[ , ]) ( ,[ , ]) ( , ) ( , ) ( ,[ , ])

3X mg X X z c a X X a X X z c a X X z a X X c a X X a X X z
F

= + +ɶ ɶ ɶ ɶ ɶ ɶ  
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2

2
1 1 24

2
1 1 2

3 ( , ) ( , ) ( ,[ , ])}

1
{ ( ,[ , ]) ( , ) 2 ( , ) ( ,[ , ]) 3 ( ,[ , ]) ( , ) }

9

{ ( , ) ( , ) 2 ( , ) ( , ) 3 ( , ) ( , ) }

c a X X a X X a X X z

c a X X z a X X c a X X a X X z c a X X z a X X
F

c a X X a X X c a X X a X X c a X X a X X

+

− + +

+ +

ɶ ɶ ɶ

ɶ ɶ ɶ ɶ ɶ ɶ

ɶ ɶ ɶ ɶ ɶ ɶ

Equivalently, we have 

2
1 2

1
( ,[ , ] ) ( ,[ , ]) ( ( , ) ( , ) )X mg X X z a X X z c a X X c a X X

F
= +ɶ ɶ ɶ  

Since 2
1 2( , ) ( , ) 0c a X X c a X X+ ≠ɶ ɶ then it follows that ( ,[ , ] )X mg X X z =0 holds if 

and only if ( ,[ , ] ) 0ma X X z =ɶ  

Proof of Theorem 1.3. Using (3.3) and after some computations, we get 

1 1 1

2
( , [ , ] ) { ( , ) ( , [ , ] ) ( , [ , ] ) ( , ) ( , ) ( , [ , ] )

3my m m m m m m m m m m mg y y z c a X y a y y z c a X y z a y y c a X y a y y z
F

= + +ɶ ɶ ɶ ɶ ɶ ɶ

 

23 ( , ) ( , ) ( , [ , ] )}m m mc a X y a X y a X y z+ ɶ ɶ ɶ  
2

1 1 24

1
{ ( ,[ , ] ) ( , ) 2 ( , ) ( ,[ , ] ) 3 ( ,[ , ] ) ( , ) }

9 m m m m m m m mc a X y z a y y c a X y a y y z c a X y z a X y
F

− + +ɶ ɶ ɶ ɶ ɶ ɶ  

2
1 1 2{ ( , ) ( , ) 2 ( , ) ( , ) 3 ( , ) ( , ) }m m m m m m m mc a X y a y y c a X y a y y c a X y a X y+ +ɶ ɶ ɶ ɶ ɶ ɶ  

 
Since for any Z m∈ , ( ,[ , ]) 0a X y z =ɶ  holds, then we have 

1
14

2
( ,[ , ] ) ( , ) ( ,[ , ] ){3 ( , ) ( , )

9my m m m m m m m m

c
g y y z a X y a y y z c a X y a y y

F

−= ɶ ɶ ɶ ɶ

3
2 1

2
3 ( , ) } {2 ( , ) ( , [ , ] )} (3 .4 )

3m m m mc a X y c a X y a y y z
F

+ +ɶ ɶ ɶ  

Simplifying (3.4) implies that 

    ( ,[ , ] )
my m mg y y z = 1

2
{2 ( , ) ( ,[ , ] )} (3.5)

3 m m mc a X y a y y z
F

ɶ ɶ  

By (3.5), y  is a geodesic vector of ( , )M F if and only if it is a geodesic vector of 

( , )M aɶ . 

Let ( , )M F  be a Finsler space. Then ( , )M F is called a Berwald space if the 

Chern connection coeffcients ( , )k
ij x yΓ  in natural coordinate systems have no 

dependence on the vectory , or in other words, if the Chern connection defines a linear 

connection directly on the underlying manifold. 

Proof of Theorem 1.4. Let ( , )M aɶ be a naturally reductive Riemannian manifold. We 

show that for all 0 , , ,y z u v m≠ ∈ the following holds 
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([ , ] , ) ([ , ] , ) 2 ([ , ] , , ) 0, (3.6)y m y m y mg x u v g x v u C x y u v+ + =  

Since F  is a Berwald metric, then ( , )M F  and ( , )M aɶ  have the same connection. 

So for all 0 y m≠ ∈ , we have ( ,[ , ]) 0a X y z =ɶ , z m∀ ∈ . By (3.3), it follows that 

1 1
1 14

2 ( , ) ( , )
([ , ] , ) ( ,[ , ]){ ( ( , ) ( , ) 2 ( , ) ( , ))

3 9y m

c a X v c a X y
g z u v a y z u c a X v a y y c a X y a y v

F F
= − +

ɶ ɶ
ɶ ɶ ɶ ɶ ɶ  

2 1
2

2 ( , )
3 ( , ) ( , ) )} ( ,[ , ]).

3

c a X y
c a X v a X y a v z u

F
+ +

ɶ
ɶ ɶ ɶ  

And 

1
1 14

( , )
([ , ] , ) ( ,[ , ]){ ( ( , ) ( , ) 2 ( , ) ( , ))

9y m

c a X y
g z u v a y z v c a X u a y y c a X y a y u

F
= − +

ɶ
ɶ ɶ ɶ ɶ ɶ  

 
 
 
 

By definition, we get 
 

2 1 1

1 2 14

1 1 1 1

1
2 ( , , ) {6 ( , ) ( , ) ( , ) 2 ( , ) ( , ) 2 ( , ) ( , )

3
1

2 ( , ) ( , )} {6 ( , ) ( , ) ( , ) 2 ( , ) ( , )
9

2 ( , ) ( , ) 2 ( , ) ( , )}{ ( , ) ( , ) 2

yc z u v c a X z a X u a X v c a X z a u v c a X u a v z
F

c a X v a z u c a X z a X u a X y c a X z a y u
F

c a X u a y z c a X y a z u c a X v a y y c

= + +

+ − +

+ + +

ɶ ɶ ɶ ɶ ɶ ɶ ɶ

ɶ ɶ ɶ ɶ ɶ ɶ ɶ

ɶ ɶ ɶ ɶ ɶ ɶ

2
2 1 14

1 2 1 1

2
2 14

( , ) ( , )

1
3 ( , ) ( , )} {2 ( , ) ( , ) 2 ( , ) ( , )

9
2 ( , ) ( , ) 6 ( , ) ( , ) ( , )}{ ( , ) ( , ) 2 ( , ) ( , )

1
3 ( , ) ( , )} {2 ( , ) ( , ) 2

9

a X y a y v

c a X y a X v c a X u a y v c a X v a y u
F

c a X y a v u c a X y a X u a X v c a X z a y y c a X y a y z

c a X y a X z c a X z a y v c
F

+ − +

+ + +

+ − +

ɶ ɶ

ɶ ɶ ɶ ɶ ɶ ɶ

ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ

ɶ ɶ ɶ ɶ 1 1( , ) ( , ) 2 ( , ) ( , )a X v a y z c a v z a X y+ɶ ɶ ɶ ɶ

 

2
2 1 1 2

2
1 1 2 115

2
1 2

6 ( , ) ( , ) ( , )}{ ( , ) ( , ) 2 ( , ) ( , ) 3 ( , ) ( , )}

4
{ ( , ) ( , ) 2 ( , ) ( , ) 3 ( , ) ( , )}{ ( , ) ( , )

27

2 ( , ) ( , ) 3 ( , ) ( , )}{

c a X z a X y a X v c a X u a y y c a X y a y u c a X y a X u

c a X v a y y c a X y a y v c a X y a X v c a X u a y y
F

c a X y a y u c a X v a X u c

+ + +

− + +

+ +

ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ

ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ

ɶ ɶ ɶ ɶ 1 1

2
2

( , ) ( , ) 2 ( , ) ( , )

3 ( , ) ( , )}

a X z a y y c a X y a y z

c a X y a X z

+

+

ɶ ɶ ɶ ɶ

ɶ ɶ

 

 
It follows that 

21
1 1 24

3 21
1 1 24

3

([ , ] , , ) ( ,[ , ]){ ( , )( ( , ) ( , ) 2 ( , ) ( , ) 3 ( , ) ( , ) )
9

3 ( , )} ( ,[ , ] ){ ( , )( ( , ) ( , ) 2 ( , ) ( , ) 3 ( , ) ( , ) )
9

3 ( , )

y m

m

c
c z y u v a v z y a X y c a X u a y y c a X y a y u c a X u a X y

F
c

F a X u a u X y a X y c a X v a y y c a X y a y v c a X v a X y
F

F a X v

−= + +

−− − + +

−

ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ

ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ

ɶ }

2 1 1
2

2 ( , ) 2 ( , )
3 ( , ) ( , ) )} } ( ,[ , ]).

3 3

c a X u c a X y
c a X u a X y a u z v

F F
+ − +

ɶ ɶ
ɶ ɶ ɶ
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Therefore 

12 ( , )
([ , ] , ) ([ , ] , ) 2 ([ , ] , , ) ( ([ , ], ) ( ,[ , ]))

3y m y m y m

c a X y
g x u v g x v u C x y u v a z u v a u z v

F
+ + = +

ɶ
ɶ ɶ  

1 1
1 14

2 ( , ) ( , )
( ([ , ], ) ( ,[ , ])){ ( ( , ) ( , ) 2 ( , ) ( , ))

3 9

c a X v c a X y
a z u y a u z y c a X v a y y c a X y a y v

F F
+ + − +

ɶ ɶ
ɶ ɶ ɶ ɶ ɶ ɶ  

2 1 1
2 4

2 ( , ) ( , )
3 ( , ) ( , ) )} ( ([ , ], ) ( ,[ , ])){

3 9

c a X u c a X y
c a X v a X y a z v y a v z y

F F
+ + + −

ɶ ɶ
ɶ ɶ ɶ ɶ  

1 1( ( , ) ( , ) 2 ( , ) ( , ))c a X u a y y c a X y a y u+ɶ ɶ ɶ ɶ 2
23 ( , ) ( , ) )}c a X u a X y+ ɶ ɶ  

Thus, we get (3.6). 
Now, we are going to prove Theorem 1.5. 
 
Proof of Theorem 1.5. Using the explicit expression for the connection of M , a 
straightforward lengthy calculation leads to the following expression for the curvature 

tensor R  of ( , )
G

F
H

: 

1 1 1
( , ) [[ , ] , ] [[ , ] , ] [[ , ] , ] [[ , ] , ]

2 4 4h m m m mR v w z v w z v w z z v w z w v= − − − + for all 

0, ,v w z m TM∈ ≅ . The following holds 

2

( ( , ) , )
( , ) .

( , ) ( , ) ( , )
y

y y y

g R u y y u
K P y

g y y g u u g u y
=

−
 

Then for ,r s R∈  we get 
2

2 3 3
1 2( ) [ ( , ) ( , ) ( , ) ]F y ru sv c a X y ru sv a y ru sv y ru sv c a X y ru sv+ + = + + + + + + + + +ɶ ɶ ɶ  

By a direct computation, we get 

1 1 2

2
( , ) { ( , ) ( , ) ( , ) ( , ) 3 ( , ) ( , ) ( , )

3yg u v c a X u a y v c a X v a y u c a X u a X v a X y
F

= + +ɶ ɶ ɶ ɶ ɶ ɶ ɶ  

1 ( , ) ( , )}c a u v a X y+ ɶ ɶ
1 14

1
{ ( , ) ( , ) 2 ( , ) ( , )

9
c a X v a y y c a X y a y v

F
− +ɶ ɶ ɶ ɶ  

2 2
2 1 1 23 ( , ) ( , ) }{ ( , ) ( , ) 2 ( , ) ( , ) 3 ( , ) ( , ) }c a X v a X y c a X u a y y c a X y a y u c a X u a X y+ + +ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ  

According to the above formula we have 
2( , ) ( )yg y y F y=                               (3.8) 

2 2
4

2 ( , ) 1
( , ) ( , ) ,

3 ( ) 9 ( )y

a X y
g u u A a X u B

F y F y
= −
ɶ

ɶ         (3.9) 

( , ) ( , ),
3 ( )y

B
g y u a X u

F y
= ɶ                           (3.10) 

1 2

2 ( , )
( ( , ) , ) ( ( ( , ) , ) 3 ( ( , ) , ) ( , ))

3 ( )y

a X y
g R u y y u c a R u y y u c a R u y y X a X u

F y
= +
ɶ

ɶ ɶ ɶ  
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2

4

( , )
( ( , ) , ),

3 ( )

B a X u
a R u y y X

F y
−

ɶ
ɶ                         (3.11) 

where A, B and C defined by (1.2). Substituting (3.8), (3.9), (3.10) and (3.11) in (3.7) 
completes the proof. 
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