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MATHEMATICS
PAPER—MTM-101
Full Marks : 50
‘ Time : 2 Hours
The ﬁgures in the right-hand margin indicate full marks.

Candidates are required to give their answers in their
‘ own words as far as practicable.

Mustrate the answers wherever necessary.

Real Analysis
1. A:'nswer any four questions : 4x2

(?} If E is a measurable subset of [a, b]

show that dex = 4m(E) when flx) = 4.
E

(b} Is the following a connected subset of 2

e, ¥} € R? : 212 = 1! ? Justify your answer.

{Turn Over)



(c} 1s the following a compact subset of R?
- S :
flx, vl € R® : x? +y3 = 1} ? Justify your answer.

(d) Discuss the continuity of a function from a discrete matric
space into a metric space,

1
{e) Evaluate : J-
-1

x? d(x2).
(i Define a measurable function.
(g) Define Borel set.

(h} Show that the set of all natural numbers is a null subset
of R, ‘

2. Answer any four questions : 4x4

(a) Show that the following function is niot of bounded varia-
tion though continuous

f(xj=xcos-} ifl<x=<1

=0 fx=0

{b} Let a bounded measurable function J 1 E = R satizfy
a < f{x) < b for all x € E. Prove that

am(E) < Ifdx < bm(£) |
E
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(c) ' State and prove the Monotone Convergence theorem.

(d) ," If f is continuous on [a, b} and « is monotonically in-
+ creasing on [q, b] show that f € Rfa) on [a, b].

(e]," Prove that a compact metrix space is separable,

) Letf,: X~ R" be measurable for n = 1,2, 3, .. Then

show that liminf f, and inf f, are measurable func-
n-»x n—»0 :

tions on X.

(8 Iff,: X [0, ] is measurable forn=1, 2, 3, ..., and

flx)= Z:l fn(x), x € X, then show that

deu =>::=l J-fn dp .

{h) Prove that a continuous image of a connected metric
spacc is connected.

2

. ‘Answer any two questions : 2x8

'(a) Pefine a function of bounded variation. Prove that a func-
tion f{x) is of bounded variation on {a, b} if and only if it
can be expressed as difference of two monotone increas-

ing functions.
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(b} (i} Let f(x)=—1? if 0 <x =<1 and fl0) = 0. Find
x
necessary and sufficient condition on p such that
: 1
f € L0, 1]. Compute J‘o F(x)A(x) in that case.
{ij Evaluate the following :
3
j | 2cosx d(2x +[x]) . : 642

{c] (i} Show that if a metric space X is compact then it is
closed and bounded.

(i} Show that every path connected metric Space is
connected. Give an example to show that the
converse is not true. 4+4

(@) () Letf: X~ (0, @] be measurable and ¢(E) = J’E fdy
for every measurable set £ in X. Show that ¢ is a
measurable function and j a =J af du for every

measurable function g on X with range in [0, =].
(i} Show that the Cantor set is a null set. 5+3
{Internal Assessment — 10 Marks]
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