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MATHEMATICS
[ Honours ]
PAPER - V-
Full Marks : 90
Time : 4 hours
The figures in the right hand margin indicate marks

Candidates are required to give their answers in their
own words as far as practicable

Hlustrate the answers wherever necessary
[OLD SYLLABUS]

GROUP - A
( Real Analysis - II)
| [ Marks : 64 ]
1. Answer any fwo questions : 15x2
(a) (i) If fis bounded and Riemann integrable
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(2)

on [a, b], then show that|f| is also
bounded and Riemann integrable on
{a, b]. Moreover,

[iras|s 1 5id

Does the converse of the above
statement true ? Support your answer.
442+2
(i) Prove with the help of an example that
~ the equation

b
[r®dc= 1)~ 1@
is not always valid. 3
(iii) Show that

2

<= if g>p>0. 4

q .
j-smx
b o

P

() (i) Show that the improper integral

j-oo sinx &

0 x
is not absolutely convergent. 5
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(3)

(ii) Prove that the function f where
fx,)=x2-2xp+y*+x -y +x°

has neither a maximum nor a minimum
at the origin. . 5

(Finif
1
f(x)=--a-1c when—-nt<x<0,

1 5
=z when O<x<m;

f(-m)=f(0)=0and f(x+2m) =/ (x) for
all x, then show that

1 :
f(x)=sinx+—sin3x+-l—-sin5x+ .....

3 5
for all x.
Hence deduce that
4 1 1 1
?—I—-j“i"g—?-i-...... 4+1

(¢) (§) Prove that a series 2, S, converges
uniformly in [a, b] if there exists a
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(4)

convergent series 2, M, of positive
numbers s.t. for afl » and for all xe[a, 5],
@ISM, | 5

(ii) Prove that

> a_cosnx
e

is uniformly convergenton R if Y. |4 |
converges. = 4

(iii)If a series 2. f, converges uniformly
tofon [a, 5] and each term f, is
integrable on [a, 4], then show that f is
integrable on [a, b]. 6

2. Answer any two questions : : 8x2
(a) () Show that the sequence {f }, where

[, =nxe™  is pointwise convergent

but not uniformly convergent in [0, ). 4

UG/I/MATHM/V/16(01d) : (Continued)




(35)

(#1) Show that
T xdX
'[0 1+ x*sin? x
is divergent. .~ 4

(6) (i) Showthat

Jm x*te *dx
0
is convergent if and only if n> 0. 4
(ii) Evaluate S
cos o
)= rp xy 89 5, .4

(c) () Ifr> 0 be the radius of convergence of
Z a"x" L
n=0
_ prove that this power series is uniformly
. convergent on [a, b] < (-, ). When the

. series will be uniformly convergent on
[_r 24 ] ? 31
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(6)

(/i) Determine the sum function of

Z i
n=0

Hence prove that
1 1 1
10g2=1—-2—+'§—'z-+... 1+3
3. Answer any three questions : ‘ ' - 4x3

(@) (/) State first mean value theorem on
integral calculus.

(#i) Test whether the series
D cosmx
=0

is a Fourier series. Justify your
answer. 2+2

(b) Prove using double integral

I'(m) T'(n)

B(m,n)=m, m,n> 0. 4
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(7)

(¢) Use Lagrange's method to determine the
point(s) on the ellipse
T2 L2
Lo
a b
so that the tangent -line to the point (or
points) form with coordinate axes a triangle

of smallest area. : 4
(d) Show that
cosx
[ =
2 logx -
is conditionally éonvergént. g 'I 4

(e) Using the method of differentiation under
_ the sign of integration, prove that

I: e cos2xtdx = %e“: for all teR. 4

4. Answer any three questions: 2x3

(a) State Dirichlet's conditions for convergence
of Fourier series. _ 2
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(8)

(b) If for a double series

m2n3

="
m® +n®
examine whether the series is convergent
or not, 2

(c) Write the Cauchy's criterian for uniform
convergent of a sequence of .functions .}

defined in an interval. 2
(d) What is the Weierstrass's M-test for uniform

convergence ? 2
(e) If

logex= Lx —-ii,x>0;

then show that log x is strictly increasing
on(0,®). - 2

GROUP - B
( Metric Space)
[ Marks : 14 ]
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(9)

5. Answer any one question : 8x1
(a) (i) If(X,d)is a metric space then show that

d
[X’1+d)

is also a metric space. 4

(i) Prove that in a metric space (X, d),
every convergent sequence is a Cauchy
sequence. [s the converse true in (X, d) ?
Justify your answer. _ 1+3-

~ (b) (i) State and prove Cantor inter-section
theorem. 1+4

- (#i) For any subset 4 of a metric space
(X, d), prove that X\ 4 = (X\ 4)°, where
A° and 4 are interior and closure of 4
respectively. 3

6. Answer any fwo questions : . Ix2

(a) Define interior points of a metric space.
Prove, by an example, that

int(4 UB)=intd Uint B
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(10)

for any two subsets 4 and B of a metric
space. 142

(b) Let Cbe the set of all complex numbers.
~ Show that the function 'd" defined by
d(z,,z))=|z, -2}, v z,, 2z, € C, is ametric

on C. , 3

(c¢) When is a metric space said to be complete ?
Give an example of an incomplete metric

space. 1+2
GROUP -C
( Complex Analysis)
7 [ Marks: 12 ]
7. Answer any one question : 8x1

(@) () Let f@)=ulx,y) +iv(x,y),z=x+iy
and z, = x, + iy,. Let the function f be
. defined in a domain D except possibly

at the point z, in D. Then prove that

lim Z)=w,. =u, +iv
Z—)Zo f() 0 0 0

UGA/MATH/H/V/16(0ld) ( Continued )



(1)

if and only if }“’zlo u(x,y) =u, and
Iim wx,y)= Vo-

Z—’Z 7 4

(ii) Show that the function e*(cosy + i sin y)
is holomorphic and find its derivative. 4

(b) Prove that the function f (z)%u(x, y) +
iv(x, y), where

BA+i)-y31-i)

-f-y2

f(2)= (z=#0), 7/(0)=0

is continuous and that Cauchy-Riemann
equations are satisfied at the origin, yet
f'(2) does not exist these equation. 8

8. Answer any one question : 4x1

(a) Show that if f (z) = u(x, y) + iv(x, y) be
analytic function of z=x+ iy, then the
family of curves iz(x, y)=c andv(x,y)=c,
form an orthogonal system. 4
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(12)

(b) Prove that the function
1
u= ilog(x2 +y%)

is harmonic and find its harmonic Conjugate
and find the corresponding analytic function.
f(z) in terms of z. 4
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