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ABSTRACT

We solve analytically the Hamiltonian of a three dacatom-molecule Bose-Einstein
condensates (BECs) where the molecular mode isapdpthrough photoassociative
Bose-stimulated Raman adiabatic passage (STIRARIngU these solutions we
investigate the time dependence population desditiall three modes and entanglement
properties among the modes. We find that the stablecular mode will remain highly
populated over time as expected for STIRAP. We abgerve the signature of
entanglement between atomicBEC and excited moledBtzse-Einstein condensate
(MBEC) mode as observed in two mode atom-moleclHE®S but the atomic BEC and
stable molecular BEC are always separable.
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1. Introduction

The quantum states of BECs of weakly interactihgteliatomic gas has great theoretical
and practical importance[1,2,3]. It is theoretiggtiossible to prepare MBEC through
Feshbach resonance [4] and photoassociation [Bv&). types of atom-molecule BECs
are already reported: (i) two mode atom-moleculeCBEand (ii) three-mode atom-
molecule BECs. The dynamics and nonclassicalitfetsvo-mode atom-molecule BECs
considering the inter-mode interactionare repof#&#8]. Though the three-mode atom-
molecule BECs are theoretically studied considethmg intra-mode interactions [9],n0
theoretical work not yet attemptto study the entemgnt properties of the system
considering the inter-mode interactions. Here westigate the population dynamics and
entanglement properties of three-mode atom-mold8il@sprepared by STIRAP having
inter-mode interactions.

STIRAP requires two laser pulses, one conduce Hoemd photoassociation from
atomic BEC to primarily excited molecular BEC aretend laser pulse couples the
excited molecular BEC mode to stable molecular B&Gde [6,9]. If the pulse is
continuing for sufficiently long time then the staatomic BEC is converted to a stable
molecular BEC via an excited molecular BEC of in#figant population density[6,9].
Due to the minimal population density in the extit@olecular state, the irreversible
losses through photodissociation or spontaneousydemegligible. In the present work
we consider a three-mode atom-molecule BECs prddareSTIRAP having intermodal
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interactions and maximal population in the stabtderular state to study the population
dynamics, entanglement properties.

The present paper is organised as follows. In 3aee construct the Hamiltonian of
the system of our present interest and solve thiseHberg'sequations of motion
corresponding to this Hamiltonian. Sec. 3 descrthesguantum dynamics of the system.
In Sec. 4 we investigate the entanglement betwegitiveo modes and finally concluding
in Sec. 5.

2. Quantum model and solution
For exact two photons resonance, the Hamiltoniarthef three-mode atom-molecule
BECs prepared by STIRAP [6] can be written as,

H = 8b%h -2 (ab + a®b) -~ (b¥e + bet).(2)

wherea, b and ¢ are bosonicannihilation operator for atomic BECdeb), excited
MBEC mode|2) and stable MBEC modg)respectively and they commute with each
other. The energy difference between the stable exwited levels i§ which can be
tuned by external laser pulse. The paramedeks correspond to atom-excited molecule
and excited molecule-stable molecule interactiespectively.

The commutation relations betweera®: b, bT; c, ¢t are,

[a,at] =1,
[b,b*] =1,(2)
[c,c*] =1.

11) 13)
Figure 1. Schematic diagram of a three-mode atom-molecul@BE
The maximal populations will be at stable molecutaode and for exact two photon
resonance atomic and stable molecular mode wilaherat same energy level as shown

in Figure 1 [6]. Throughout the paper we tdkel. The time evolution of the system is
described by the Heisenberg equations of motiorchvare;

a(t) = iwat (£)b(t),
b(t) = —idb(t) + i%az(t) + i§c(t),(3)

) = i%b(t).
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Among the above equations the first two are coupladinear equations of field
operators which cannot be exactly solvable in dcsealytic form. So, we have
go through approximate analytic solutions. It idablished that among the
available approximate analytic solutions methoeé, $®n-Mandal technique [10]
give more accurate solutions [11] and well-agre¢hwthe exact numerical
solution [8,11]. So, we solve the above equati®isgiSen-Mandal approach and
the solutions are;

a(t) = f,a(0) + f,a"(0)b(0) + f3a’(0)a*(0) + f,a(0)bT (0)b(0)

+ f5a7(0)c(0),
b(t) = g1b(0) + g2a*(0) + g5c(0) + g4b(0) + gsa(0)b*(0)b(0),(4)
c(t) = hyc(0) + h,b(0) + h3a?(0) + h,c(0).

The time dependent parametéi@ = 1,2,3,4,5),9;(i = 1,2,3,4,5)and h;(i =
1,2,3,4)are:

fi=h = 1'0)
fz = 292 = EG(t)’
__h_ o
f3= 5= 262 [G(t) —ibt],
fs = 2h3' =552 [G(t) — i6t],
gy =e (5)
gs =h; = %th)
2w? + €
941 = T91[G(t) + idt],

(1)2
gs = 52 gl[G(t) + lat]

h, = — 462 [G(t) —ibt].

wheres (t) = (1 — e~%%).The above solutions are derived considering up to
second order of the interaction parametgrand eandvalid for any time valude
with the restrictionwt < landet < 1. The present solutions satisfies the equal
time  commutation relations  (ETCR(t),a’(t)] = 1,[b(t),bT ()] =
1,[c(t),cT(t)] =1 and conservation law of total particle numb@dat(t) +
2b()bT(t) + 2c(t)cT (t)=constant.

3. Quantum dynamics
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Initially we consider all the three states are eehtand almost all the particles are at
stable molecular mode with negligible populatioreatited molecular state as expected
from STIRAP. The composite initial state of theteys can be written as:

[W(0)) = |a) ® |B) & |y).(6)

wherda),|f)and |y) are eigen states afband crespectively.The operation of the
annihilationoperatorsz, b and ¢ operating on the composite systemtat 0 give
corresponding complexeigen valugeg andy respectively. So,

a(0)|y(0)) = ala) @ |B) @ |y),
b(0)|Y(0)) = Bla) ® |1B) ® |y).(7)
c(0)y(0)) =vla) @ |B) @ Iy)-

Instantaneous particles number in the three staites

1
No(®) = lal? + 1112 (1812 + 211 = lal*) + [fi foa2B + fi fra 2y +c.c.]

Ny () = |B1? + |g21%(al* — 21B81% — 4lal?®|B1*) + 1g3|*(lyI* — IBI*)
+lg195a*B + 9195BY" + g2930%y* + c.c.1,(8)
N.(t) = ly1* + |ho|*(IBI? = |y1%) + [Rih,By* + hihza®y* +c.c.].

0.10}

, o7 3
0.05] 5 % ;
+ "% .
- Y s

— T
0.0002 0.0004 0.0006 "~ _0.0008 0.0010

—0.05¢

—0.10¢

Figure 2. Variation of occupation number from their initighlue with
rescaled time=wt, for a=p=5y=100,6 =10 MHz,w =€ =

1 KHz. The smooth line, dashed line, dot-dashed lineatomic, excited
molecular and stable molecular mode respectively.

We pIo(Nj(t) — Nj(O)) for j = a, b, cwith rescaled time = wt in Fig. 2 which show

that,at any instant the particle number at the tedcimolecular mode increases
(decreases) in expense of decrease (increase)rticlpaaumber at atomic mode and
stable molecular mode and the occupation humbes dotchange significantly due to
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the interaction among the modes. The advantagd /AP processthat the final stable
mode remain maximally populatedover time whichdsdisturbed by the introduction of
inter-mode interactions.

4. Entanglement

We study the entanglement between any two modesudigg Hillery-Zubairy
criteria[12,13]. According to Hillery-Zubairy crit®n,usually any two modes
represented by annihilation operat@ndj is entangled at any instanif,

(N:(ON; () — ()T @) < 0.(9)
and/or if,
(N (ONN; (£) — (i (©)j ()P < 0. (10)

Equation (8) & (9) are known as Hillery-ZubairyHZ-1) &Hillery-Zubairy 2 (HZ-2)
criteria respectively.
To detect entanglement for our systemwe evaluate,

(N (DN, (0)) — [(a®bT ) = IL12UBI* — 2181 — |gs]?|al?|BI2,
(N (DN:(D) — [(b(D)ct(0)]* = 0,12)
(Na(ON(0)) — [{a®ct @) = 151218121y 12,

and,

(Na(OXNp (1)) — Ka@®bO)? = |22 (BI* + |al?|B1?),
(Np (OUN (1)) — Kb (B)c(E)]* = 0,(12)
(N (ONUN(6)) — Ka®c@)I? = 112181 IvI?.

(N Npy—|ab I
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Figure 3.Intermodal entanglement using HZ-1 criterion foonaic-excited
molecular modes fat = 8 =5,y = 100, = 10 MHz,w = € = 1 KHz.
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Above equations show that excited molecular-stabt#ecular pc)and atomic-stable
molecular &c) modes are always separable. It also clear franetfuation (12) that HZ-2
criterion cannot detect entanglement between atemdited molecularab) modes. We
plot HZ-1 criterion forab mode. As the HZ-1 & HZ-2 criteria are sufficientrf
entanglement detection [14], the negative regionFif. 3 indicates entanglement
between atomic and excited molecular modes.Fomiede atom-molecule BEC system,
the molecular mode is entangled with the atomic eni@. Whereas for the three mode
atom-molecule BEC system one molecular mode (exaitelecular) is entangled with
atomic mode while the other (stable molecular)egasable with the atomic mode. For
guantum computation, quantum teleportation, quardomputing where entangled states
are required, atomic and excited molecular modes loa used. For entanglement
distribution where separable state is required,[# stable molecular mode can be
used.

5. Conclusions

We solve the Hamiltonian of a three-mode atom-mdee®BECs system prepared by

STIRAP. We solve the Heisenberg's equations of emotising Sen-Mandal technique.

Employing the solutions we study the quantum dymarof the system and entanglement
between the modes. We find that the particle nuritbal three modes are oscillate with

time but population change is insignificant. Enfangent is observed only between

atomic and excited molecular mode.

Since one molecular mode is entangled and otheggarable with the atomic mode,
we can use the molecular mode as our requiremetéar(gle or separable). There are
further scope of research of this system consideritra-mode interactions along with
the inter-mode interactions.
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