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ABSTRACT
In this paper, we have also presentedGWendex to improve Lee and Li's [11] method.
Lee and Li rank fuzzy numbers based on two diffeiteria, namely, the fuzzy mean
and the fuzzy spread of the fuzzy numbers, and goégted out that human intuition
would favor a fuzzy number with the following chetexistics: When higher mean value
and at the same time higher spread/or lower meareand at the same time lower
spread is present it is not easy to compare iteriongs clearly. Therefore, we can
efficiently useCV index to rank its ordering, and tk®/ criterion is ranked higher with
smallerCV value. Many ranking methods have been proposddrsélowever, there is
yet no method that can always give a satisfactohytisn to every situation; some are
counterintuitive, not discriminating; some use ottig local information of fuzzy values;
some produce different rankings for the same sitmatFor overcoming the above
problems, we propose a new method for ranking fumepbers by distance method. Our
method is based on calculating the centroid paihere the distance means from original

point to the centroid poin()?, )7), and the X index is the same as Murakami et al.’s [1]

X . However, they index is integrated from the inverse function@pofLR-type fuzzy
number.

Thus, we use ranking functioR (A): ()Z2+)72) (distance index) as the order

guantities in a vague environment. Our method eak more than two fuzzy numbers
simultaneously, and the fuzzy numbers need nobbaal.

Keywords: Centroid point, Distance index, Normal (non-normélizzy numbers,
Ranking fuzzy numbers.

1. Introduction
In most of cases in our life, the data obtaineddifezision making are only approximation
finding Comparative operation of triangular fuzajs

In practical use, ranking fuzzy numbers is veryamgnt. For example, the concept
of optimum or best choice to come true are comigidtased on ranking or comparison.
Therefore, how to set the rank of fuzzy numbersheen one of the main problems. The
concept of fuzzy numbers is presented by Jain ] Bubois and Prade [7]. To resolve
the task of comparing fuzzy numbers, many authagehproposed fuzzy ranking
methods which yield a totally ordered set or ragkiA review and comparison of these
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existing methods can be found in [8, 9, 12]. Someking methods assume that the
membership function is normal, but in many cadesfdtion to the normal membership
function is not adequate.

Liou and Wang show [2], show that Chen’s methodd@&h give non-logical result.
Further, many of them produce different rankingstfe same problem. About centroid

index, Yager’s [4], X,index may be seen as a general formula for caloglétoth
X and Y given different functions g(x) . However, only wheng(x)=x ,

Murakami et al.’s [1]X can be calculated, and whem(x ) = £, (x )/ 2, Murakami

et al.’s Yo can be derived. Thus, Murakami et ahisthod is not logically sound either.
For overcoming the above-mentioned problems, wpgwe ranking of fuzzy numbers by
distance method based on calculating the centroidt,pwhere distance means from
original point to the centroid point. Thus, we udke ranking function

R (A) =p ()(2 + )72) as order quantities in a vague environment, whaah rank more

than two fuzzy numbers simultaneously, and neecbrabormal. Furthermore, we also
propose a coefficient of variatio€V) to improve Lee and Li's method [4]. Lee and Li's
[11] method ranks fuzzy numbers based on two @iteramely, the fuzzy mean and the
fuzzy spread of the fuzzy numbers. QOY index is defined asr (standard error)/

M (mean), which can solve Lee and Li's problem effitly. In this way, our proposed

method also can be easily solve problems of rankingy numbers. At last, we present
three numerical examples to illustrate our proposerthod, and compare with other
ranking methods. The purpose of this paper is ¢sgt a comparison method for fuzzy
numbers based on distance index @vdndex.

2. Preliminaries
A fuzzy number is described as any fuzzy subsehefreal lineR with membership

function f ,
1- f, is acontinuous mapping from R to the closed iraibr[\ﬂ,w] , O<sw <1,

2 f,(x)=0 foral xD(—oo,q],
3- f, isstrictly increasing or{q,a},

4- f, is strictly decreasing o{a, a} ,

5- fo(x)=0 for aIIxD{éJmJ where 0sw <1, a, a and a are real

numbers.
If w =1, then the generalized fuzzy numb#ris called a normal triangular fuzzy

number denoteA = (a,a,e_lj. If a=bandc =d, thenAis called a crisp interval.
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The membership functidr, of A can be expressed as
faL(x) asx<a

fAR(X) asx<a
In otherwise= 0

where fAL(x):[g,aJ ~ [ow]and fAR(x):[a,é} - [ow].

The inverse functionf ,L (X )exists becausd ,L (x):[a,a} ~ [ow]is continuous

and strictly increasing. Similarly, The inverse dtian of fAR(x)exists because

fAR(X):[a,a} ~[ow] is continuous and strictly increasingf ,™'L (x) and

f,"R(x) are continuous on[0w] that means both ij‘lL(x) and

0
w

J.fA‘lR (x)exist.

0

3. Ranking fuzzy numbers by distance method based@alculating centroid point
Method of ranking with centroid index finds the gerit center of a fuzzy numberd .
Each geometric center corresponds toXamalue on the horizontal axis and anvalue
on the vertical axis. Yager’s [4] method calculak@seach fuzzy number only value,
and Murakami, Maeda, and Imamura’s [1] method dates both X and y for each
fuzzy number. However, in Murakami et al.’'s examalk values are same. Thus, the
value seems to be the only rational index for caimgauzzy numbers.

From Fig. 1, X an value on the horizontal axis is the most impariadex for ranking
fuzzy numbers. However, & value on the vertical axis is an aid index, onlyspecial
cases the value is an important index for rankirzIgy numbers (such as aN values are
equal or left and right spreads are same for altyfunumbers).

For satisfying the above condition, and overconfiigrakami et al.’s [1] example, we
propose ranking fuzzy numbers by distance methaddan calculating bothkX and
y values. Our method can be introduced as follows:

(1): The inverse function off ,L (x) exists becausef ,L (x):[q,a} - [ow]is

continuous and strictly increasing. Similarly, Thverse function offAR(x)exists

becausefAR(x):[a,é} ~ [Ow]is continuous and strictly increasing., 'L (x)
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and f,"R(x) are continuous on[Ow] that means bothJ.fA‘lL(x) and
0

ij_lR(X) exist. Let A :(q,a,éj, as a<a bea fuzzy set orR = (—o0,+00). It
0

is called a triangular fuzzy number, if its memibgpfunction is

X —a
- asx <a
a-a -
fa(x)=1_ (2)
a-— X -
— asx <a
a-a
In otherwise = 0.
. .9
~ e r
m n q
1
LY
(4
1 2 3 & 5 6 7 8 9

Figure 1. The ordering of fuzzy numbers ig1<n <

The inverse functions off ,L (x)and f,R(x) are f,'L (x):e_1+(a—:i1)y and

f,'R(x) =é+(a—éjy :

(2) The centroid point of a fuzzy number corresgotoda X on the horizontal axis and a
y on the vertical axis. The centroid poi(n;(, y)for a fuzzy numbeA is defined as [8]

76



The Index of Coefficient of Variation for RankingiZzy Numbers

a

w F(foL)dx +j|i'(foR)dx]
- (

X(A)= - triangular fuzzy numbgr
I(foL)dx +I(foR)dx
j(foL)dx +j'xdx +Rf(foR)dx
X(A)= . " E R;‘ (trapezoidal fuzzy numbgr ().
[ (FuL)ebc + [ + [ (R )
La a ;l
1 1
J(vfa7L)dy +[(vf."R)dy
y(A)=5 2
[(faL)ay +[(f,7"R)dy
0 0

where f L (x) and f,R(x)are the left and right membership functions of fuzz
number A, respectively. f,™ L (x)and f,"R(x) are the inverse functions of
f,L(x) and f,R(x)respectively.

(3) Calculation of ranking function: We propose tlistance index between the centroid
point X,y and original point, i.e.,

R(A)=,/(x*+y?) (4)
(4) Ranking fuzzy numbers For any fuzzy numbersA A OU where
U :{Al,A2 _____ An} is a set of convex fuzzy numbers. The ranking yumamber has
the following properties:
o f R(Ai)<R(A,-)'the” A <A,
+ If R(A)=R(A) then A =A,,

+ If R(A)>R(A) then A >A,,
Finally, for non-numbers, it is given by
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W (x —a)
- if asx<a
a-a -
fo(x)= i (5)
w (a—xj _
- if as<x <a
a-a
In otherwise = 0.
a+(a—a)y
The inverse functions of ,L (x) and f,R(x)are f,™'L (x):+ and
a+(a-aly
fA‘lR(x):T,where y Ofow].

By Equation. (3),

[x (x —g)/a—g}dx +W:[

Wi[(x —g)/a—rﬂdx +W:[

w

x(é—x)/é—a}dx
(é—x)/é—a}dx

D —

ja'(foL)dx +j'(foR)dx

(f AL )dx +j:(fAR)dx

| C— )

The X value is the same as for normal fuzzy numbers.

Jl'fc‘l " (wy) dy :i[q+(a—q)wy /w} dy :Jl'fA‘l “(y)dy

ifc‘l " (wy ) dy :i[é{a—éjwy /w} dy :ifA‘l R (y)dy

and

[y a+(a-q)wy2/W} dy =i(y)f,§“ (y)dy

[y é+(a—éjwyzlw} dy :j(y)fA‘1R (y)dy

0
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Therefore,

w| fy)r, L(y)oly+?(>/)f;(1 “(y)ay
y(A)= . : )
[T (v)ay +Jf " (v)ay

wherew is the adjustment factor for thg value.

Lee and Li's method [11]:

We need a method for building a crisp total ordpfiom fuzzy numbers. Many methods
for ranking of fuzzy numbers have been suggestadh Enethod appears to have some
advantages as well as disadvantages [10]. In dusos, firstly, we summarize Lee and
Li's [11] method. Then, we propose the CV indexmprove Lee and Li's method.

Lee and Li proposed the use of generalized meanstamtiard deviation based on the
probability measures of fuzzy events to rank fumezynbers. The method ranks fuzzy
numbers based on twoffdirent criteria, namely, the fuzzy mean and theyigmmead of
the fuzzy numbers. They assume two kinds of prdipaloiistributions for fuzzy events
and derive corresponding indices as follows:

(i) Uniform distribution: f (A) =1/\/&\ andA OU .

Its mean X, (A) and standards deviatiod, (A) are defined as

X, (A) :S([ X 4 (x )dx /S([ i (x)dx

A) A)

1/2

a, (A)= j X2 p; (x)dx / j H; (x)dx —(xU (A))z (8)

s(4) s(4)

where S (A) is the support of fuzzy numbAr.

4. The index of coefficient of variation

From the concept of statistics, the standard deviaind mean value cannot be the sole
basis for comparing two fuzzy numbers, respectivielythermore, according to Lee and
Li [11], higher mean value and at the same timeelogpread is ranked higher. However,
when higher mean value and at the same time higread/or lower mean value and at
the same time lower spread, it is not easy to coentbee orderings clearly. Therefore, we
propose anféicient index, that is, using the dfieient of variation to improve Lee and
Li's method.

The coféficient of variation is a relative measure of disjperslt relates the standard
deviation and the mean by expressing the standasdttbn as a percentage of the mean.
It is defined as

CV =0 (standard error)|y| (mean) 9)
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Where p#0and 0>0.

For comparing fuzzy numbers by our CV index metHadtly, we can calculate mean
value and standard deviation by Lee and Li's metheédally, the fuzzy number with
smaller CV is ranked higher.

The following example was presented to illustrate €V index method, which can
improve Lee and Li's [11] methodficiently.

Example 4.1.The two trapezoidal fuzzy numbei8, =(5,7,9,1}and
B, =(6,7,9,1Q shown in Figure 2, which can be expressed aswsllo

%(x—s) 5<x<7
fo (x)= !

E(x -11) 9<x <11

X —6 6<x <7
fBz(X)_{x—lo 9<x < 10

From Equations. (VIII)-(VIV), we can calculate itsean value if, standard deviatioor
andCV values, which are listed in Table 1.

5 6 7 9 10 1

Figure 2. Two fuzzy numbersg ,B, .

Table 1.TheX,oandCV values for fuzzy numbet,,B,.

X g CcVv
B, 6.33 0.499 0.0788
B, 7.33 0.499 0.068
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However, Lee and Li's [11] criterion is higher measue and at the same time lower
spread. Clearly, we cannot easily compare its argerby Lee and Li's method.
Therefore, we can use oGV index to improve its shortcomings. From Table &, ean

easily rank its orderings bV values, and th€V value of fuzzy numberB, smaller
than the fuzzy numbd; . Therefore, its ordering B, > B, .

5. Three numerical examples for illustrating our dstance index
Example 5.1 In Fig. 3, three trapezoidal fuzzy numbess,B,,B, are shown.

1 1
—(x-0.2 0.2<x< 03 |—( 0.6 0.8x< 0.
fe, (x)= 0.1(X ) =X= 05 o.1( X) X
1 0.3sx<0.5 0 othewise
1 1
fo(x)= a(x -0.4) 0.4<x< 05 0—1( 0.8x) 0.Zx< O
1 0.5=x< 0.7 0 othewise
1 1
fo (x)= O—.1(x ~0.6) 0.6sx < 0.7 El( tx) 0.9x< 1
1 0.7<x<09 | O othewise

From step (1), we can derive the inverse functfcgriflL f B R in Table 2.

By Equations. (lll) and (IV ), we can obtain thetlaesults in Table 3. From Table 3, the
ordering of fuzzy numbers B, <B,<B,. This is an example to show that in

Murakami et al.’s [11] method, aly, values are same. However, in our method, all
Y, values are dferent.

P8

0.2 03 0. 05 0.6 0.7 08 0.9 1

Figure 3. Three trapezoidal numbers,,B,,B,
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Table 2. The inverse function, L ,f, 'R .

f, 'L | 7R

B, | 0.2+0.1y| 0.6-0.1y

B, | 0.4+0.1y| 0.8-0.1y

B, | 0.6+0.1y| 1-0.1y

Tx (1/0.](x - 03) dx +(i|;5x dx + (jﬁx ( 1/0.4 O.Gx)) dx
)( (B ) — 02 0.3 0.5
1 0.3

. 0.5 0.6
[(170.4x - 0.9) dx + [dx + [ (1/0.f 0.6x)) dx
0.2 0.3 0.5
_0.014+ 0.08- 0.026  ,
0.05+ 0.2+ 0.05

Ofx (1/0.](x - OZ)) dx +0I7x dx + (jfsx( 1/0.4 0.8x)) dx
— 04 0.5 0.7

X (B, 05 0.7 08
O e -og)an- [ (ot ave)

0.4

_0.0233r 0.12 0.037 o
0.05+ 0.2+ 0.05

TX (1/0.1(x - 0.) dx +0J;9x dx + le (270§ 2x)) ox
)((83) —06 0.7 0.9

0.7

[(1/0.1(x - 0.9) dx +de + jl( 1/0.4 £x)) dx

0.6 0.9

_0.033+ 0.16- 0.O8=0.91
0.05+ 0.2- 0.04

y(0.2+0.1) dy+.|'y( 0.6- 0.¢) dy

O —y

_0.1333+ 0.267
0.25+ 0.55

y(B)=

O ey

(0.2+0.) dy+f( 0.6- 0.g) dy

82
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jy(0.4+ 0.Y) dy+jy( 0.8 0.¢) dy

y(B,) =2 0 =0'c2)?f;+00'7‘°;67= 0.5002,
j(0.4+ 0.Y) dy+j( 0.8 0.) dy ' '
fioseon o]
y(0.6+0.Y) dy+|y(0.8 0.9) dy
9(B,) = s _0.3333+ 0.367_ ) oo
0.65+ 0.75

j(0.6+ 0.ly) dy+i( 0.8- 0.%) dy

Table 3.The centroid point(X,,y; ) andr (B, ) =/x, 2 +y,? -

X Yi R(Bi):\lxiz"'Yi2

B, 0.4 0.5003 0.0016
B, 0.601 0.5002 0.0037
B, 0.91 0.4287 0.0102

Example 5.2 In Fig. 4, three trapezoidal fuzzy numbeBs =(1,2,4,5;3 non-normal
trapezoidal fuzzy numb@, =(1,2,4,5;0.9, and triangular numbér, =(4,7,8;3,

non-normal triangular fuzzy number€, :(5,7,8;0.7) and C, :(6,7,8;0.3 are
shown.

fo (x)= x-1 1<sx<2 | 5-X 4<x< 5
& 1 2<x<4 |0 othewise
[, (x)= 0.9(x-1) l<x< 2_[ 0.4 5Xx) &x< |
& 0.9 2<x<4 |0 othewise
¢ (x)— %4 4<x<7_|8-X 7<Xx<8
QA __ o othewise

1 Xx=7

83



Majid Mousavi

7<x< 8
othewise

KX
othewise

N

Figure 4. Five fuzzy numberss ,B, ancc,c,.c..

From step (1), we can derive the inverse function™L,f, "R and f; 7L ,f; “Rin
Table 4. By Equations. (lll) and (IV ), we can dhtthe last results in Table 4. From
Table 3, the ordering of fuzzy number8is< B, <C, <C,<C.. This is an example to

show that in Lion and Wang’s [2] methBd =B, all a D[O,:I] . However, our method
can rank its ordering.

Table 4.The inverse functions, L f_ * and f, ‘1R,fci R.

fg 7Lfc L fg "R.fc R
B, 1+y 5-y
B, 1+1/0.9y 5-1/0.9y
C, 4+3y 8-y
C, 5+2/0.7y 8-1/0.7y
C, 6+1/0.5y 8-1/0.6y
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4 5
x(x 1d><+J'xd><+J'x (5-x) o
083+6|'217

2 05+2+05
dx +|dx 5—
fix-gaxefoce

#(8)="

=03,

IOS{X dx+IO.9(dx+.|' 0.6 ( 5x)) cx

_0.747+ 5.4 1953

4 5 - -

IOS{X dx+IO.9x+I 0. 5x) o
2 4

0.45+1.8- 045

Em(x(x -4) o +7+EX(8_X) * _9+7+367_

45+1+ 05

[1/3x -4 i+ ] 8-%) ck

7 8
IO.?/ZX x— dx+$< O.Trf 0.(3( 8x )dx
K(Cz):5 44345!- 0.49 256?4282

_[07/2(x 3dx+0?r_[0(78x 0.7+ 0.5 035
]
o) !0 Hx(x-§) dx+ o.&j 0f¢( 8x)) 1665 35 163
025+ 05 025

jos(x qu+05+jo(s 8x) dx

w Iy(1+y) dy+Jl'y(5—y) dy
(8= { } _1]0.833+ 2.16p_

Jl'1+y dy+Jl'5 y 1.5+ 45
0 0

=0.4998,

[y(i+y) dy+J' (5-y) dy

1
9(B,) = L } _0.9[0.833 2.16p_ 0.4498

1
[(1+y) dy+[(5-y) dy L5+ 45
0

0

|_\

_[y(4+3y y+.[y (8-y) dy}
:1[3+ 3.64 - 05123,

55+7.5

|_\

_|l‘ (4+3y) dy+j 8-y) dy

0
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1 1
w{[y(5+ 2y) dy+.|'y(8— y) dy}
0.7] 3.166+ 3.6

y(C,)=—% £ [6+75 b =0.3539,

I (5+2y) dy+.[

0 0

H 6+Y) dy+J% }

5(C.)= _0.53.33 3.6]3:0.2496

h y 6.5+ 7.5

[(6+y) dy+[(8-y) ay B

0 0

Table 5.The centroid point(x,,y )and R(X )=/x,2+y 2.

X, Yi R(X)=4/%2+y;?
B, 3 0.4998 3.041
B, 3 0.4498 3.033
C, 3.27 0.5123 3.309
C, 4.282 0.3539 4.296
C, 7 0.2496 7.004

Example 5.3 In Fig. 5, With trapezoidal fuzzy numbei8, =(0.1,0.2,0.5,0.9)
B, =(0.1,0.4,0.6,0.91 and B, =(0.1,0.5,0.8,0.9)1. Their membership functions

are defined as

1 1
f, (x)=10a070Y 0.15x5 02 |~ (0.9 05xs 0.
1 02<x<05 [ O othewise
1
f, (x)= E?)(x—o.l) 0.1<x< 0.4 0—3( 0.9-X) 0.&6x< 0.
1 0.4<x< 0.6 0 othewise
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! 1
f, (x)= ﬁ(x_o'l) 0.1<x< 0.5 El( 0.9-x) 0.8x< 0.
1 0.5sx< 08 | 0 othewise

W

o000

1 i N
1 o4 0.6
1 .5

Figure 5. Three trapezoidal fuzzy numbegs,B,ands, .

From step (1), we can derive the inverse function™L,f, “R in Table 6.

By Equations. (lll) and (IV ), we can obtain thetlaesults in Table 7. From Table 4, the
ordering of fuzzy numbers B, <B, <B,. According to Lee and Li [11], a fuzzy

number with larger mean and smaller spread shoeldabked higher. Due to this, all

fuzzy sets have the same spread. Therefore, wdikntly rank their ordering byX; .

Table 6.The inverse function, L ,f, 'R .

f,L | f, 7R

B, 0.1+0.1y| 0.9-0.4y

B, 0.1+0.3y| 0.9-0.3y

B, 0.1+0.4y| 0.9-0.1y

0.2 0.5 0.9
| x(l/O.l(x— 01)) dx+ Lx dx + E[sx( 1/0.4 0.9 x)) dx 0,008+ 0.105 0.1265

0.05+ 0.3+ 0.2

0.4354.

X
—
~

I
o
i
o
)

(1/0.1(x- 0.3) dx+ de+ Tg( 1/0.4 0.9x)) dx

o

1

87



Majid Mousavi

4

0_[ x(1/0.3(x— 0:)) dx + Tsx dx + Tgx( 1/0.8 0.9 x)) dx

0.045+ 0.% 0.105
%(B,) =5, ! = 2 0.45,
T(03(x-04) e+ [oxe [(1/0.6 09x) ax  O15% 0.2 019
) _Jlx(llo.z(x— 0.J) dx+ £5x®<+£8x( 1/of o.9x))dx_0107325 0195 0041
X(%)_ 05 08 09 = 02+ 03 05 =0.562-
[(1/04x=0.) e+ [ e+ [ (270 0.9x)) R
. .1 05 . 0.8
0.1+ 0. dy + 0.9 04%)d
. _ly( Y) & on( 9) Y 0.0833+ 03166
y(B,) ="+ . = ler oy S04704
[(0.1+0.9) ay +[( 0.9- 0.4) ay ' '
1 ’ 01
0.1+ 0. dy + 09-08)d
. :ly( V) o ly( 3) y:0.15+o.35:
v(B.) =5 ! 0.25+ 075
[(0.1+0.3/) dy +[( 0.9- 0.8) dy ' '
b |
y (0.1+ 0.4y) dy +|y (0.9-0.1y) dy

j(o.1+ 0.4y) dy +i( 0.9- 0.¢) dy 0-3+ 085

Table 7.The centroid point(X,,y; ) andr (B, ) =/x,? +y,? -

X; Yi R(Bi):\lxi2+Yi2

B, 0.4354 | 0.4704 0.4108
B, 0.5 0.5 0.7071
B, 0.5622 | 0.5216 0.7668

Yager’s [4] X,index measures the general mean of fuzzy numhdssnot surprising to
see that the index alone provides very poor disnetion ability. Yager’s [4] X, index
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may be seen as a general formula for calculatingy bg,and Yy, given diferent
functionsg(x). However, only whegy(x) = x, Murakami et al.’s [1] X, can be calculated,

and wherg (x) =%,UA (x), Murakami et al.’s [1] §,can be derived. Thus Murakami

et al.’s [1] method is not logically sound either.
We have proposed a new approach for ranking fuampbers, which are based on

calculating bothX,and Y, values and distance index.

Further, we have also presented @index to improve Lee and Li’'s method. Therefore,
we can €ficiently useCV index to rank its ordering, and t¥ criterion is ranked higher
with smallerCV value.

6. Conclusion

In this paper, We have also presented@iendex to improve Lee and Li’s [11] method.
In this way, our proposed method also can be easilye problems of ranking fuzzy
numbers At last, we present three numerical exasripldlustrate our proposed method,
and compare with other ranking methods. The purpiisthis paper is to present a
comparison method for fuzzy numbers based on distardex andCV index.
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