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ABSTRACT
In this paper, the problem formulation, model depelent and solution methodology of
cost varying transportation problem(CVTP) is depeld. The mathematical models of
multistage transportation problem(MSTP) and costyimg multistage transportation
problem(CVMSTP) are formulated. Our aim is to sol@/MSTP by solution
methodology of CVTP. Numerical example are preserte illustrate the problem
formulation, initial allocation and optimality tefstr both CVTP and CVMSTP.

Keywords: Transportation, Cost Varying Transportation Problervulti-stage
Transportation Problem, Bi-level Mathematical Pesgming

1. Introduction

Transportation problem(TP) [1,2,8,11] is a speciaks of linear programming problem.
This problem deals with the distribution of singlemmodity from various sources of
supply to various destinations of demand in suchaaner that the total transportation
cost is minimized. For this problem the followingarmation are to be needed:

(P1) Available amount of the commaodity at differengins.

(P2) Amounts demanded at different destinations.

(P3) The transportation cost of one unit of comnydtiom various origin to
various destination.

Transportation Problem is studied by Hitchcockiff]194], and then separately
by Koopmans [12] in 1947 and finally placed in fremework of Linear Programming
and solved by simplex method by Dantzing [10]1i85]. Since then, improved models
solution methods have been developed and the raingpplication have been steadily
widened.

The unit transportation cost is not constant. Timdiguity is found in pre-paid
transportation system in our daily life. To trandmpantities we contract a vehicle in a
fixed charge for a single trip. Different typeswvehicles should be contracted in different
charges depending on the carrying capacity. So rdtypg on the vehicles the unit
transportation cost is varied. From this angle &#éw (P3) is changed as the
transportation cost of unit quantity is not constahere as the cost of single trip of each
vehicle is constant which depends on its carryiagacity. This type of TP is named as
CVTP.

In TP it is seen that the solution of TP is depeinde its initial basic feasible
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solution(IBFS) and optimality test. In TP, the IBE8 determine by any one of North
West Corner Method(NWCM) or Row Minimum Method(RMMJ Column Minimum
Method(CMM) or Matrix Minimum Method(MMM) or Voged Approximation
Metod(VAM). The methods (except NWCM) are fully @yl on unit transportation cost.
To determine the IBFS for CVTP Panda and Das [3, 8, 7] have used NWCM. In this
paper, other techniques have to be described terrdigte IBFS for CVTP. The
modification of the methods are described by fighdrges of vehicles. Since optimality
test depend on unit transportation cost, so umihgportation cost for CVTP are
determined by Das and Panda’s [3, 4, 5, 6, 7] wegalgorithm. It is notated that the
unit transportation cost may changed during opitmnsgst.

Multistage transportation problem is a special cdllTP in which quantities are
transported from supplers to distributer, distréogt to retailers, retailers to purchasers. In
this paper we want to adopt the concept of finidT€ in multistage transportation
problem to develop mathematical model and solutioethodology for multistage
transportation problem under finite vehicles.

2. Mathematical formulation
A classical TP is formulated in following mathencatimodel

Model 1
minZchjx”.
i=1 j=1
subjectto D> x; =a,i=1,...,m (1)
j=1
dx;=b;, j=1...,n 2)
i=1
da=>h
i=1 =1
X, 2 0 i, Oj

2.1. Cost varying transportation problem (CVTP)
Suppose there ard\ -types off vehiclesV,,r =1,...,N from each source to each

destination. Let C,r=1,...,N are the -capacities(in unit) of the vehicles

V.,r=1,...,N respectively, whereC, <C, <...<C, . So, CVTP can be represent in
the following tabulated form.

Table 1. Tabular form of CVTP undem -vehicle

D, D, . D, stock|
o) a
Ry RY | Ru R Rir- Ri
C)2 e a2
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Rous Rot | Rpr Ry, R Ry

O, a,

Rras+s Rea| Rizrs Rz Rinss R
Dema b, b, b,
nd

where a is the quantity of material available at sourceO,,i =1,...,m

b, is the quantity of material required at destoatD,, j =1,...,n

R, = (R},..., F?”N) represents transportation  cost for each ¢glj) ; where le is
the transportation  cost from source
O,i=1,...,m tothe destination

Dj,j =1,...,n by the vehicleV,,l=1,... N.
C; is the unit cost of transportation from st sour@e to destinationD; .
Definition 1. Feasible Solution (FS)A set of non-negative allocationg; =0 which
satisfies (1),(2) is known as feasible solution.

Definition 2. Basic Feasible Solution (BFS): A feasible solution to am-origin and
N -destination problem is said to be basic feasilditon if number of positive
allocations are(m+n-1).

If the number of allocations in a basic feasibleisons are less than (m+n-1), it
is called degenerate basic feasible solution (DBB®erwise non-degenerate basic
feasible solution (NDBFS).

Definition 3. Optimal Solution: A feasible solution (not necessarily basic) isl<aibe
optimal if it minimizes the total transportationsto

2.1.1. Solution Method CVTP
The transportation methods for finding an optimustuson to the T.P. consists of the
following steps:

« Find an initial basic feasible solution(IBFS)

« Test the optimality of IBFS.

« If the solution is optimal , end the procedtherwise , improve it by a’jump’ to an
adjacent basic feasible solution that yields tlghést rate of improvement in the value of
the objective function.

» Return to step (ii) and repeat the procesis am optimal solution has been obtain.

2.1.2. Determination of IBFS
To determine the IBFS we apply any one of the foitgy procedure
North-West corner Method (NWCM)

Step 1.Compute min(a,,b). If a <b, min (a,b)=a and if & >0, min
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(a,b) =b.

Select x; = min (a,ly) allocate the value ok, inthe cell (1,1).
Step 2.1If a <b,, compute min(a,,b —a). Select X,,= min (a,,b,—a) and
allocate the value ofx,, in the cell (2,1).
If a >b,, compute min(a, —b,b,). Select x,= min (a —b,,b,) and allocate the
value of X, inthe cell (1,2).

Let us now make an assumption that—b, <b,. With this assumption the next
cell for which
some allocation is to made, is the céf1,2).

If a =b, then allocateO only in one of two cells(2,1) or (1,2). The next
allocation is to be made ce(R,2).

In general, if an allocation is made in the c@lt1, j) in the current step, the
next allocation will be made either in cefl, j) or (i, +1).

The feasible solution obtained by this away is gbwva BFS.

Example 2.1.
Consider a CVTP as

D, D, D, stock
0} 7,10 57 8,12 50
o, 6,8 9,12 7,9 40
O, 46 | 12,15| 8,13 30

Demand| 35 45 40

The capacities of vehicles of, and V, are respectively,C, =15 and C, = 25.
By NWCM, the IBFS Example 2.1.is given as follows.

D, D, D, stock

O, X, =15
%, =35 57 8,12 | 50

7,10
o, X, =30 | X, =10

6,8 9,12 7,9 40
O, X553 = 30

4,6 12,15 8,13 30

De[jnan 35 45 40
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Modified row-minima
D, D, D, | stockl method(MRMM)
— — In this method, we first consider the
O, X1 =5 | X, =45 first row and find the minimum cost

7,10 5,7 8,12 | 50| cell. Let (1,k) cell be the cell in
the first row with minimum cost
entities (R',, R%). We allot in this
cell the maximum allocation,

0, X,, =30 X,5 =10
6.8 912 | 79 | 40

0, X553 = 30 i.e, x, =min(a,b) .If a <b ,
4,6 12,15 8,13 | 30| then x, =@, and we cross out the
Dermand 35 45 40 first row and consider the remaining

tableau and proceed in same way.
Again if a >b,, then x, =b_ and we cross out th&" column and consider the

remaining row of the tableau and proceed nextén th

same way. If @ = b then either 1st row or th&"™ column will be crossed out and the
remaining tableau will be consider.By MRMM, the IBF

Example 2.1.is given as follows.

Modified column-minima method(MCMM)

This method is exactly same as the Row-minima ntkthothis method, we are to start
with first column instead of first row and the sessive steps we consider only columns.
By MCMM, the IBFS of Example 2.1is given as follows.

D, D, D, stock
O, X, =45 X3=35

7,10 5,7 8,12 50
O | X = Xp3 =35

6,8 9,12 7,9 40
O, | x,;,=30

4,6 12,15 8,13 30

Dema 35 45 40

nd

Modified matrix-minima method(MMMM)
This method finds a better starting solution. lis thhethod we first find out the cell with
minimum cost entities in the cost matrix and alteda that cell the maximum allowable
amount. We then cross out the satisfied row orroland adjust the amounts of supply
and demand accordingly.

We repeat the process with uncrossed out matrixnandre left at the end with
exactly one uncrossed out row or column. If thé with minimum cost is not unique,
then any one of these cells may be selected fotnadint.
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By MCMM, the IBFS of Example 2.1.is given as follows.

Modified Vogel's approximation Method(MVAM)

D, D, D, stock
O, X, =45 %3=95

7,10 5,7 8,12 50
O, | X,=5 X5 = 35

6,8 9,12 79 40
O,

X:=30| 1215| 8,13 | 30
4.6
Dema 35 45 40

nd

In this method the allocation is made
on the basis of the opportunity (or
penalty or extra) cost entities that
would be incurred if allocation in
certain cells with minimum unit
transportation cost entities were missed.
The steps in modified Vogel's
approximation method(MVAM) are as
follows:

Step 1.Calculate the penalties for each
row(column) by taking the differences
between the smallest and next smallest
transportation cost entities in the same
row (column) and write them in

brackets against the corresponding row (column).

Step 2.Select the row or column with the largest peneltities. If there is a tie in the
values of penalties entities, then it can be brokgnselecting the cell where the
maximum allocation can be made.

Step 3.Allocate as much as possible in the lowest costies of the row( or column)
which is defined by the Step 2.

Step 4.Adjust the supply and demand and cross-out thgfieat row or column.

Step 5.Repeat Step 1. Step 2.until the entire available supply at various sesrand
demand at various destinations are fully satisfied.
By MVAM, the IBFS of Example 2.1.is given as follows.

D, D, D, stock
Ol Xll = 5 X12 = 45

7,10 5,7 8,12 50
0, X, =0 X,5 = 40

6,8 9,12 7,9 40
X X3, =30

4,6 12,15 8,13 30

Demand 35 45 40
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2.1.3. Determination of C;

To solve this problem, apply our proposed algorgtetated as follows:
2.1.4.Algorithm
Step 1.Determine IBFS by by any of N\WCM, MRMM, MCMM, MMMNMMVAM.

Step 2. After the allocatex; , determinec; (unit transportation cost from sourdg,
to destinationD,) as

2RO X, %0

%i

0 if x =0

wheret,
areinteger solution of

min> t R (r)
st. %, <> 1,C

Step 3. For non-basic cell(i, j) possible allocation is the minimum of allocatidns

i™ rowand j™
column (for possible loop). If possible allocatibe x;, then for non-basic celt;

(unit transportation
cost from sourceQ, to destinationD;) as

M if x;#0

%

0 if x =0

wheret, areinteger solution of
min> t.R, (1)
st. %, <) 1,C

In this manner we convert cost varying transpntaproblem to a usual transportation
problem butc; is not fixed, it may be changed (when this allmsatwill not serve

optimal value) during optimality test.
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Step 4. During optimality test some basic cell changesntm-basic cell and some
non-basic cell changes to basic cell, depends pnimg basic cell we first fixc, by

Step 2and for non-basic we fixc; by Step 3

Step 5.Repeat Step 2.to Step 4.until we obtain optimal solution.
Using Algorithm(TP1), in Example 2.1 the unit transportation costs in basic

7 17 6 16 10
cells (by MVAM) are ¢,, =—, =—, Cy=—, Cy=—1, =
(by ) Ci 5 G 25 275 3T g Ca1 3C
and the unit transportation costs in non-basicdey MVAM) are C, = g C,= % :
10 21
Cy,=— Cpu=—
32 3C 33 3C

2.1.5. Optimality test

Once an initial basic feasible solution has beempmded, the next step in the
transportation problem is to determine whethershletion obtained in optimum or not.
The method for testing optimality by cell evaluatis u—v method.

u-v method:

In order to test for optimality we should followethu—v method which is given
bellow:

Step 1.Start with B.F.S. consisting om+n—-1 allocation in independent positions.
Step 2.Determine a set ofm+n numbersu,i=1,...,m and vj,j =1,...,n such
that in each cell(i, j) ¢; =u, +v;

Step 3.Calculate cell evaluations (unit cost differencd) for each empty cell(i, j)

by using formulad; =c; —(u, +v;)

Step 4.Examine the matrix of cell evaluatiod; for negative entries and conclude that
(@) If all dij >0, then Solution is optimal and unique.

(i) If all d; =0 and at least oned; =0, then solution is optimal and alternative
solution also exists.

(iii) If at least one d;; <0, then solution is not optimal.

If it is so, further improvement is required by eating the above process afftep 5
and onwards.

Step 5.(i) See the most negative cell in the matfi; ].

(i) Allocate @ to this empty cell in the final allocation tablSubtract and add the
amount of this allocation to other corners of thepl in order to restore feasibility.

(iii) This value of &, in general is obtained by equating to zero theimum of the
allocations containing—& (not +8&) only at the corners of the closed loop.

(iv) Substitute the value of and find a fresh allocation table.
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Step 6.Again, apply the above test for optimality till iiad dij >0.
Optimality test of Example 2.1 after MVAM and c;
Determine a set o6 numbersu,,i =1,2,3 and vj,j =1,2,3 such that in each cell
basic (i, j) G, =u +v;, each non-basic cell (i,j) by using formula
d; =¢; —(u +v;)

So the tabular representation afi,i =1,2,3, v].,j =1,2,3 and dij
non-basic cell (i, j) is given in the following table

D, D, D, U,
O Xx;=5 X, = 45 8
Cs=C
7 17 5 Z
Ciy g Cp = E) 8,]_2(:113 >0 5
7,10 57
0, %,=0 _21 | x,=40
Cp=7C
6 35 16 6
Cn = g Cy = Z) g
6,8 9,12 d22>0 7’9
o,] x,=30 _ 10 21
Cy, = Cy3 =4
_ 10 30 30 10
€= 30 8,13d,,>0| 3q
4.6 12,15 d32 >0
Vi 0 _46 _4
45 5

Since all d; >0 for all non-basic cell so the table give optimablusion.
X1 = 5,%, = 45,%3 = 20,%;, = 40,%;, = 30.
Minimum cost Z° =7+17+16+10=50 unit(Rs.)

The mathematical programming for CVTP undblr vehicle is described below.

2.1.6. Bi-level Mathematical Programming for CVTP under N -Vehicle
The Bi-level mathematical programming for CVTP undd -vehicle is formulated in
Model 1 (CVTPNV) as follows:

Model 1 (CVTPNV)
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min®_ > c;x,
i=1 j=1
wherg ¢; isdeterminedby following
mathematical programming

MR X, %0

%

0 if x =0

wheret,,r =1,...,N

areinteger solution of
min> t.R (1)
st. %, <> 1,C

dx =a,i=1..,m
=
dx;=b,, j=1...,n
i=1

m n
2a=2h
i=1 j=1
®3)
x; =20 i, 0]
Theorem 2.1.The number of basic variables in a balanced CVT&® imost (m+n—1).

Theorem 2.2.A necessary and sufficient condition for the existeof a feasible solution
toa CVTP s

m n
2a=2h
i=1 j=1
Theorem 2.3.The solution of a CVTP is never unbounded.

Theorem 2.4. A set X of column vectors f coefficient matrix of a CVTRillwbe
linearly dependent if their corresponding cellstlie transportation tableau contain a
loop.

2.2.Multi-Stage Transportation Problem

2.2.1. Problem formulation
The transportation chain is of the form: suppliepaots-entrepots-purchaser depots. The
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transportation in this problem can be optimizedtwn stages. It is supposed that
supplier depots(i =1,...,m), k entrepots(k =1,...,K) and n purchaser depots
(j=1,...,n). Then on thel® stage, transportation is done from the suppligotieto

entrepots and on th@ nd stage the transportation is done from from titeepots to the
purchaser depots. And so on. The mathematical @noging model for multi-stage
transportation problem(MSTP) is given below.

Model 2

Ti-1) T
YR =YHO O=1,..,L (4)
i=1 j=1
x; =0 0i, 0j, Ol
where
m=T,: the number of supplier®,,i =i,...,m

nN=T_: the number of purchaser®;, j=1,...,n
the number of transportation stagés=1,...,L)
the number of entrepot stage

stock of i"™ suppliersi =i,...,m

-1

0.

L
L-1:
g

b. HJ-L: demandofjth purchasersj =1,...,n

T,:  the number of enterpots o' stage (E,, ..., E}I 3l =1,..,L-1
|

Hi  capacity of theT™ entrepotonl™, | =1,...,L -1 stage

|
|
Gi
entrepot(purchaser).

Xilj transported amount on oh"™ stage fromi"™ supplier(entrepot) to "

unit transportation cost od™ stage fromi"™ supplier(entrepot) toj™

entrepot(purchaser).

2.3. Multi-Stage Transportation Problem under Vehides
It is supposed thatm supplier depots(i =1,...,m), k entrepots(k =1,...,K) and

n purchaser depot§j =1,...,n). Then on thel® stage, transportation is done from
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the supplier depots to entrepots and on ghed stage the transportation is done from
from the entrepots to the purchaser depots. Arzhso

Again it is considered that the:& is unknown and there areN -vehicle for

transportation from the supplier depots to entrepahd on the2 nd stage the
transportation is done from from the entrepotsh® purchaser depots. In each stdge
the fixed transportation cost for single trip of thehicles are known. Then by methods of
CVTP, the mathematical model of MSTP under vehide®rmulated as a Cost Varying
Transportation Problem(CVMSTP). This model is reprged in Model 3, which is a
multi-stage bi-level mathematical model.

Model 3
L T0-n T
UUDIDIDIEE
=1 i=1 j=1
where, c,'j isdetermined by following
mathematical programming
t. R (r
—Z'R':'( ) if xilj #0,
X
c = 1=1,..,L
0 if % =0
wheret,, r =1,...,N areinteger solution of
min >t R, (1)
st. ;< 1C I=1..,L
Ta-1)

DX =H! =1, T,
j=1

T

SH =HO, =1,

i=1

Ta-1) T
S = 0. =1, L ®
i=1 j=1
x; =0 0i, 0j, Ol

3. Solution of CVMSTP
Each stage of CVMSTP is a CVTP undgl -vehicle. So we solve every CVTP under

N -vehicle separately and determine their optimunuesl Then sum up the optimal
values and we get optimal solution of CVMSTP.4. niduical Example.
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Example 2. Suppose three supplier§O,,0,,0;) with stocks 35,45,50 boxes
respectively, which are supplied to three supgigrpots (M,,M2,M]) with demand
65,42,23 boxes. Further on , boxes are transported to the $upplier entrepots
(M2,MZ,MZ,MZ) with demand 40,35,25,8 boxes. Lastly, boxes are transported
to the four purchaser¢D,,D,,D,,D,) with demand 25,30,50,5. Suppose there are

two types of vehicles in each stage with carryimgacities 7 boxes andl0 boxes
respectively, in a single trip. The transportatbmsts of vehicles in a single trip for each
route and each stage are given in the followintgtab

M: | Mi| mi| D | D, D, | D,
0, |15,20118,2412,18

0, |10,1513,1120,25

0, |11,1619,2317,22

M/ 5,10 10,15 10,13 5,9|12,16/15,2]
9,13

M2 8,11111,1115,19 13,17)13,1¢18,2216,2!

M213,17]12,1320,23 19,2314,1¢ 9,13
8,14

M216,19 7,11 20,2{26,2923,2
9,12 21,26

This MSTP under2 -vehicle is split in the following three CVTP.
Stage 1The CVTP from Supplier td* entrepot is

Mll M; M; Sock

(o) 18,24| 12,18 35
15,20

O, 13,17| 20,25 45
10,15

O, 19,23| 17,22 50
11,16

Dema 65 42 23
nd
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Optimal solution of stage 1(see appendix 2) is X, =12, x,=23, X;,;=3,,
X5, =42, xi, =50,

Minimum cost is this stage i€" = 30+ 42+10+ 77+80= 239 unit(EURO).
Stage 2.
The CVTP from1* entrepotto2nd entrepot is
Optimal solution of stage 2 (see appendix 2) is X, =40, x5, =25, x5,=10,
X2, =25, x,=7, X, =23,
is this stage

Minimum cost isZ? =30+30+17+42+9+25=153

unit(EURO).

Stage 3

The CVTP from 2nd entrepot to purchasers is

M2 M2 M2 M 2 Sock
|\/|12 10,13| 5,9 12,16 | 15,21 40
|\/|22 13,17| 13,16| 18,22 | 16,23 35
|\/|32 19,23| 14,19/ 9,13 8,14 25
Mf 21,26| 20,23| 26,29 23,27 30
Dema 25 30 50 25

nd

Optimal solution of stage 3 (see appendix 2) is X, =30, x3=10, X, =20,
x5, =15, x5, =25, x,=5,, x}, =25,

M2 M2 M2 M2 | Sock
M} 5,10 811 | 13,17 | 16,19 65
M 913 | 11,17 | 12,15| 9,12| 42
M! | 1015| 1519 | 2023 | 7,11| 23
Demand| 40 35 25 30

Minimum cost is this stage iZ> =24+16+34+30+35+21+77=237
unit(EURO).
Therefore the CVMSTPExample 2 is

x,=12, x,=23, x,=3,, x,=42, x;, =50, x3=40, x’,=25,
x5, =10, x5,=25, x,=7, x5,=23, x,=30, x,=10, x5, =20,, x3,=15,
x5, =25, x,=5,, x3,=25,
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Min Cost Z" =Z" +Z% + 7% =239+153+237=629 units (EURO).

4. Conclusions

The proposed method provides a solution for MSTdReufinite number of vehicles. Any
TP under finite number of vehicles is transformatcCVTP. The IBFS of CVTP are
determined by our modified methods namely, MRMM, MI@, MMMM and MVAM.
Since in CVTP the unit transportation cost is unknp we determine varying unit
transportation cost by our proposed algorithm TIP4. determine the varying unit
transportation cost, it is needed to know all infation(cost of single trip) of all vehicles
in all allocations. Optimality test is nearly sianlin a TP. We develop the bi-level
mathematical programming not only CVTP but also@MSTP after constructing the
model of MSTP. Since each stage of CVMSTP is a G\$0Rve solve the CVMSTP by
help of CVTP. But further study is needed when Hadanced condition (1) is not
satisfied.
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