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ABSTRACT
In this paper, we introduce eight notions of 3pace in L-topological spaces. We
established some relation among them. Also, weeptbat all of these definitions satisfy
“good extension” property. Finally, we prove thdlt af these notions are hereditary,
productive and projective. Moreover, we observe #iaconcepts are preserved under
one-one, onto and continuous mapping.
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1. Preliminary and Introduction
The fundamental concept of fuzzy set introducedZagleh [23] provided a natural
foundation for building new branches. In 1968 Gh4R] introduced the concept of
fuzzy topological spaces and there after many ftapglogists, have contributed various
forms of separation axioms to the theory of fuzepdiogical spaces. The L-fuzzy
topological spaces were defined by Kubiak [9], 8ksf20,21] and their co-workers.
Through this paper, X will be a nonempty det; [0, 1] and L be a complete
distributive lattice with 0 and 1. The class df lafuzzy sets on a universe X will be
denoted by [ and L-fuzzy sets on X will be denoted by u, v,ei;. Crisp subset of X
will be denoted by capital letter A, B, C etc. Lzhy singleton will be denoted by, %,
Z.. The class of all fuzzy singletons in X is denotgdS(X). For every x(OS(X) and
v OL%, we write x Ov iff r < v(x), also by a(x) =a , 0 x0OX anda OI, we mean the
constant mapping on X with valeeand }, denoted the characteristic mapping ab>a

Definition 1.1. [23] Let X be a non-empty set and | = [0, 1]. A4y setin X is a
function u: X — I which assign to each element € X, a degree of membership,
u(x) €l.

Definition 1.2. [4] Let X be a non-empty set and L be a complé&é&idutive lattice
with 0 and 1. An L-fuzzy set in X is a functian X — L which assign to each
elementx € X , a degree of membership(x) € L.

Definition 1.3. [4] Let @ be an L-fuzzy set iX.Then1l —a = ' is called the
complement ok in X (Zadeh 1965).
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Definition 1.4. [4] If r € L anda is an L-fuzzy sets irX defined bya(x) =r,
V x € X then we refer tar as a constant L-fuzzy sets and denoted it bhgelf.

In particular, we have the constant L-fuzzy se&n@ 1.

Definition 1.5. [12] An L-fuzzy pointp in X is a special L-fuzzy sets with
membership functiop(x) = r if x = x,
p(x) =0 if x # x, wherer € L.

Definition 1.6. [12] An L-fuzzy pointp is said to belong to an L-fuzzy setin
X(p € ) ifand only ifp(x) < a(x) andp(y) < a(y). That isx, € a implies r <
a(x).

Definition 1.7. [2] Let I = [0,1], X be a non-empty set aidd be the collection of
all mappings fromX into ! , i. e. the class of all fuzzy setsXn A fuzzy topology
onX is defined as a family of members of%, satisfying the following conditions:
()1,0€t (ii) ifu; €t for eachi € A thenU;epu; €t (iii) if uy,u, €t then

uy; Nu, €t. The painX,t) is called a fuzzy topological space (fts, in shartd the
members ot are called-open (or simply open) fuzzy sets. A fuzzy geas called a
t-closed (or simply closed) fuzzy setif— v € t.

Definition 1.8. [9] Let X be a non-empty set and L be a complete distribuéttice
with 0 and 1. Suppose that be the sub collection of all mappings fraxnto
Lie.,tSL¥.Then t is called L-topology onX if it satisfies the following
conditions:

0] 0",1" et

(i) If uy ,u, etthenu; Nu, €t

(i) If u; € tforeachi e AthenU,cpu; ET.

Then the pai(X, 7) is called a L-topological space (lts, for shoriflahe members af
are called open L-fuzzy sets. An L-fuzzy setis called a closed L-fuzzy setlf— v €
T.

Definition 1.9. [9] Let 1 be an L-fuzzy set in It¢X, 7). Then the closure ofl is
denoted byA and defined ast =n {u: 1 < u,u € ¢}
The interior ofd written A° is defined by 1° =U {u:p € 1,1 € 7}.

Definition 1.10.[9] An L-fuzzy singleton inX is an L-fuzzy set irX which is zero
everywhere except at one point sgywhere it takes a value saywith 0 <r <1
andr € L. We denote it by, andx, € a iff r < a(x).

Definition 1.11. [9] An L-fuzzy singletonx, is said to be quasi-coincident (g-
coincident, in short) with an L-fuzzy setin X, denoted by, qa iff r + a(x) > 1.
Similarly, an L-fuzzy setr in X is said to be g-coincident with an L-fuzzy gein

X, denoted byxgp if and only ifa(x) + f(x) > 1 for somex € X. Thereforeaq
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iff a(x)+ B(x) <1forall x € X, whereaqg 8 denote an L-fuzzy set in X is said
to be not g-coincident with an L-fuzzy gein X.

Definition 1.12. 2] Let X andY are two sets an@l: X — Yis a function. For a fuzzy
subsetu in X, we define a fuzzy subsetin Y by

v(y) = sup {u Jff 1 [{y}] # BxeX
v(y) = 0if f ¥} =8, x € X.

Definition 1.13.[14] Let f be a real-valued function on an L-topological spdt
{x: f(x) > a} is open for every reak, then f is called lower-semi continuous
function (Isc, in short).

Definition 1.14. [15] Let (X,t) and(Y,s) be two L-topological space arfdbe a
mapping from(X, t) into (Y,s) i.e.f: (X,7) = (Y,s). Thenf is called-

® Continuous iff for each open L-fuzzy sete s = f~1(u) € 7.

(i) Open ifff(u) € s for each open L-fuzzy set € .

(iii) Closed ifff (1) is s-closed for each € ¢ wheret€ is closed L-fuzzy
setin X.

(iv) Homeomorphism ifff is bijective and botlf andf ! are continuous.

Definition 1.15. [6] Let X be a nonempty set affibe a topology orX. Let 7 =
w(T) be the set of all lower semi continuous (Isc) fiores from(X,T) to L (with
usual topology). Thuso(T) = {u € L*:uY(a,1] € T} for eache L. It can be
shown thatw(T) is a L-topology onX. Let “P” be the property of a topological
space(X,T) and LP be its L-topological analogue. Then LP afled a “good
extension” of P “if the stateme(X ,T) has P iff(X, w(T)) has LP” holds good for
every topological spadgx, T).

Definition 1.16. [24] Let {(X;,;):i € A} be a family of L-topological space. Then
the spac€IlX;, I1t;) is called the product Its of the fam{l¢X;, 7;): i € A} wherellt;
denote the usual product L-topologies of the familft;: i € A} of L-topologies on
X.

2. T,-property in L -topological spaces
Here, we define the following definitions of-property in l-topological spaces.

Definition 2.1. An Its(X , 1) is called

@ L-Ty({) fvx,yeX,x#ythen3u,ver such that u(x)=+u(y) and
v(x) # v(y).

(b) L-Ty(ii) ifVvx,yeX,x#ythenau,ver such that u(x)=1uly) =
0 andv(x) =0, v(y) = 1.

(c) L — T, (iii) if for any pair of distinct Huzzy pointsx,., y; € S(X) then3 u,v €
7 such that, € u,y; € uandx, € v,y; € v.
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(d) L-T,(iv)if for all pairs of distinct L-fuzzy  singletons
Xr Ys € S(X) with x,.gys then 3u,v € Tsuch that x,. S u, y,quandy, <
vV, X qU.

(e) L —T;(v) if for any pair of distinct Lfuzzy pointsx,., y; € S(X) then3u,v €t
such that, € u,ugy,; andy; € v, vgx,.

(H L — T, (vi)if for any pair of distinct Huzzy pointsx,., y; € S(X) then3u,v €T
such that,. € u,y, nu = 0andy, € v,x, Nv = 0.

Q) L-Ti(wid)ifVx,y€eX,x #ythendu,v €t such that u(x)>0,u(y) =
0 andv(x) =0, v(y) > 0.

(h) L — T, (viid)if Vx,y € X,x # y then 3 u,v € 7 such
thatu(x) > u(y) andv(y) > v(x).

Here, we established a comparison of the defirstior T, (ii), L — T, (iii), L — T, (iv),
L—-Ty(v), L —Ty(wi), L —Ty(vii), L — Ty (viii) with L — T; (i)is given below:

Theorem 2.2.Let (X, 1) be an Its. Then we have the following implications
L—T,(v) L — Ty (iii)
L — T, (viii) » L — Ty(vii) » L —T,(ii) » 1\\71(1')
Ly DN
The reverse implications are not true in general.

Proof: L — T, (ii) = L — T, (i),L — T, (iii) > L — T, (i) and L — T, (iv) = L — T, (i) can
be proved easily. Now — T; (v) = L — T, (i) sinceL — T, (v) & L — T, (iii).

L—T,(wi) = L — Ty (i), sincel — Ty(vi) = L — T,(v).L — Ty(vii) and L — T, (viii) =
L — T, (i) sinceL — T, (viii) = L — T, (vii) andL — Ty (vii) = L — T (ii).

None of the reverse implications are true; it carséen through the following:

Example 2.2.1.LetX = {x,y}, T be the Ltopology onX generated by{a:a € L} U
{u, v} wheret(x) = 0.5, u(y) = 0.6 andv(x) = 0.7,v(y) = 0.4 and

L = {0,0.05,0.1,0.15, ... ... ...0.95,1}.

Proof: L — T, (i) # L — T, (ii): Here the It&X,t) is clearly, — T;(i) but it is not
L — T, (ii). Since there is no none emptyfizzy set int which takes zero value ator y.

L —T,(i) # L — T (iii): For if we take the distinct-fuzzy pointsx; s, y, /2 € S(X),then
there does not exist, v € T such thatez s € u,y;/, € uandxs,s € v,y,/, € v.

L—T,(@@) # L—T,(iv): As for the distinct Huzzy singletons,, y; in t there does not
exist u, v € T such that; € u, y,qu andy; € v, x,qv.

L —T;(i) # L — T,(v): This follows automatically from the fact that— T, (v) & L —
T, (iii)and it has already been shown that T; (i) # L — T, (iii).

L—T,(i) # L — Ty(vi): Since for any two distinct fuzzy pointsxss,y;/, in S(X),
then there does not exist v € T which is disjoint withx; ;5 andy; ;.

L—T,(i) # L —T,(vii) andL — T, (i) # L — T, (viii): It is obvious because

L — T, (vii) > L — T, (ii) andL — T, (viii) = L — T, (ii) and it has already been shown
thatL — T, (i) # L — T, (ii).

18



On T, Space in L-Topological Spaces

3. “Good extension”, hereditary, productive and prgective properties in Ftopology
Here, we show that all these definitidns- T, (i),L — T, (ii), L — T, (iii),

L—T,(iv),L —T,(v), L —T,(vi),L — T, (vii) andL — T, (viii) are ‘good extensions
‘of T, — property, as shown below:

Theorem 3.1.Let (X,T) be a topological space. ThéX ,T) is T, iff (X, w(T)) is
L —Ty ().

Proof: Let (X,T) be T,.Choosex,y € Xwith x = y.Then3 U,V € T such thatx €
Uyé¢Uandy eV, x ¢V. Now consider the lower semi continuous functibpsly .
Then 1y,1y € w(T)with1y(x) =1, 1;(y) =0 andl,(x) =0,1,(y) =1and so
that1y,(x) # 1,(y) and1, (x) # 1,(y). Thus(X ,w(T))is L — T, (i).

Conversely, let(X,w(T))be L —T,(i). To show that(X,T)is T;. Choosex,y €
X withx # y. Then3 u,v € w(T) such thatt(x) # u(y) andv(x) # v(y). Letu(x) <
u(y) and v(y) < v(x). Chooser and s such thatu(x) <r <u(y) andv(y) <s <
v(x) and considenu™1(r,1]and v=1(s,1]. Thenu 1(r,1],v"1(s,1] €T and isx ¢
ul(r, 1],y €u™l(r,1] andx € v~ (s, 1],y & v~1(s,1]. Hence(X ,T) is T;.

Similarly we can show thdt — T, (ii), L — T, (iii), L — T, (iv), L — T, (v),

L —T;(vi), L —T,(vii), L — T, (viii)are also hold ‘good extension’ property.

Theorem 3.2.Let (X, 1) be an ItsA € X andt, = {ulA:u € 1}, then

@) (X,1)isL—T,(i) = (4,14 isL — T, (Q).

(b) (X,7)isL —Ti(ii) = (A,1y) is L — T (ii).

(©) (X,7)isL — T,(iii) = (A,1,) is L — T, (iid).
(d) (X,7)isL —T,(iv) = (A4,t4) isL — T, (iv).
(e) X,1)isL—Ti(v) = (A, ty) isL — T;(v).

H X,0)isL—Ty(vi) = (A,14) iSL — T, (vi).
(@) (X,7)isL — T, (wii) = (4,7,) isL — T, (vii).
(h) (X,7)isL — T, (wiii) = (4,1,) isL — T, (viii).

Proof: We prove only (b). Suppos& , 7)is L-topological space and— T; (ii).We shall
prove(4,t,) isL — T, (ii). Letx ,y € Awith x # y, thenx ,y € X with x # yasA c X.
Since (X,t)is L—T,(ii), Ju,v et such thatu(x) =1,u(y) =0andv(x) =0,
v(y) =1. ForAc X we findul4,vlA € t, andulA(x) = 1,ulA(y) = 0 andvlA(x) =
0,vlA(y) =1as x,y € A. Hence it is clear that the subspaegt,) is L — T, (ii).

Similarly, (a), (c), (d), (e), (f), (g), (h) can lpeoved.
i.e. L-T.(j), for j =i, ii, iii,... (viii). Satisfy hereditay property.

Theorem 3.3. Given {(X;,t;):i € A} be a family of Ltopological space. Then the
product of L-topological spacé€IlX;, Ilt;) is L — T, (j) iff each coordinate spacg;, ;)

is L — T, (j) wherg = i, ii, iii, iv, v, vi, vii, viii.

Proof: Let each coordinate spa¢€X;, t;):i € A} beL — T, (ii). Then we show that the
product space i& — T, (ii).Supposex,y € X with x # y, again suppose = Ilx;,y =
My; thenx; # y; for somej € A. Now considerx; ,y; € X;. Since(X;, t;)is L — T, (i),

3 u;, vj (S Tj such thatu](x]) = 1,u](y]) =0 andvj(xj) =0, U](y]) =1. Now take
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u = Iu'j,v = Iv'; whereu; = u;,vj = v; andu; = v; = 1for i # j. Thenu, v € M,
such thatt(x) = 1,u(y) = 0 andv(x) = 0,v(y) = 1. Hence the product-topological
spacdIlX;, It;) is L — T, (ii).

Conversely, let the product -topological space (I1X;, IIt;)is L —
T,(ii).Take any coordinate spdég,7;), choose x;,y; € X;,x; # ;. Now
constructx,y € X such thatx = Ilx';, y = lly";wherex; = y; for i # j andx; =
xj,¥j = yj. Thenx #y and using the product spage- Ty (ii)3 u, v € Ilr; such
that u(x) = 1,u(y) = 0 andv(x) = 0, v(y) = 1. Now choose any -fuzzy point
x, inu. Then3 a basic open 4fuzzy setllu] € Ilz; such that, € Iy < u which
implies thatr < Iuf (x) or that r < infuf(x/)and hencer < IuJ(x;)V ) €
A .. (M and u(y) =0=Muy;(y) =0 ... (ii). Similarly, corresponding to a
fuzzy pointy; € v there exists a basic open L-fuzzy He#’ € Ilt; thaty, € llv; <
v which implies thats < v/ (j)Vj € A ...... (ii)) andvi(y) =0...... (iv). Further,
Muf (y) = 0 = uf(y;) = 0, since forj # i,xj = y; and hence fron(i).u] (y;) =
uf(x;) >r. Similarly, Mv(x) =0=v{(x;) =0usingii)). Thus we have
ul () >r,ui (y;) =0and v’(y;) >s,v’(x;) =0. Now consider sup,u] =
u, supsv; =v; €1; then w;(x) = Lw(y) =0 and vi(x) =0,v;(y;) =1
showing that(X;, ;) is L — Ty (ii).

Moreover one can verify that

(X;,7)),i € AisL — T, (i) © (X, 1I7;) isL — T, (i)

(X;,7)),i € AisL — T, (iii) & (11X;,1It;) is L — Ty (iif)

(X;,7),i € AisL — Ty (iv) © (X, 1It;) isL — Ty (iv)

(Xi,Ti),i EAisSL — Tl(U) =4 (HXi,nTi) isL — Tl(U)

(Xl',Tl'),i EAiSL — Tl(Ul) & (l_[Xi, HTL') isL — Tl(vl)

(X;,7;),i € AisL — T, (vii) © (I1X;, I1t;) is L — Ty (vid)

(X;,7)),i € AisL — T, (viii) & (11X;, ;) is L — Ty (viii) .

Hence we see that— T, (i), L — T, (ii), L — T, (iii), L — T, (iv),L — T; (v),

L —T,(vi), L — T, (vii), L — T, (viii)Properties are productive and projective.

4. Mapping in L-topological spaces

We show thatL — T, (j) property is preserved under eoee, onto and continuous
mapping foyj = i, ii, iii, iv, v, vi, vii, viii.

Theorem 4.1.Let (X, t) and(Y, s) be two L-topological spaces and (X,t) — (Y,s) be
one-one, onto and-bpen map, then

@ (X,1)isL—T,() = (Y,s)isL — T, (i).
(b) (X,7)isL —T,(ii) = (Y,s) isL — T, (ii).
(c) (X,7)isL — T, (iii) = (Y,s) isL — Ty (iii).
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(d) (X,7)isL —T,(iv) = (Y,s) isL — T, (iv).
(e) X,n)isL—Ty(v) = (Y,s)isL — T, (v).

H X,0)isL—-T,(vi) = (¥,s) isL — T, (vi).
(@) (X,7)isL — T, (vii) = (V,s) isL — T, (vii).
(h) (X,7)isL — T, (viii) = (¥, s) is L — T, (viii).

Proof: Suppos€X, 1) isL — T, (ii).We shall prove thatt,s) isL — T, (ii). Let y; ,y, €
Y with y; # y,.Sincef is ontod x;,x, € X such thatf(x;) =y,,f(x;) =y, and
X1 # X, asf is one-one. Again sincgX, t) is L — Ty (ii)3 u, v € t such thatu(x;) = 1,
u(x,) = 0andv(xy) = 0,v(xy) = 1.

Now, f(u)(y1) = {supu(x):f(x1) = y1} =1
f@)(2) = {supu(xy): f(x;) = y,} = 0 and
fW)1) = {supv(xy): f(x1) =1} =0
fW)(2) = {supv(xz): f(x2) = y2} = 1.

Since f is L-open, f(u),f(v) €s. Now it is clear that3 f(u), f(v) €s such

thatf (W) (y,) =1, f(w)(y,) = 0andf(v)(y;) =0, f(v)(y,) = 1. Hence it is clear that
the L-topological spac€Y,s) is L — T, (ii).Similarly (a), (c), (d), (e),(f), (g), (h) can be
proved.

Theorem 4.2.Let (X, t) and(Y, s) be two L-topological spaces and (X,t) — (Y,s) be
L-continuous and onene map, then

@) (Y,s)isL—Ty(i) = (X, 1) isL — Ty ().

(b) (Y,s)isL —Ty(ii) = (X,7) isL — T, (ii).

(c) (Y,s)isL — Ty(iii) = (X,7) isL — Ty (iii).

(d) (Y,s)isL —T,(iv) > (X, 1) isL — T, (iv).

(e) (Y,s)isL—-T(v) = (X,7) isL — Ty (v).

(f) (Y,s)isL —Ty(vi) = (X, 1) isL — Ty (vi).

(9) (Y,s)isL — Ty(vii) = (X,7) isL — T, (vii).

(h) (Y,s)isL — Ty (viii) = (X,7) is L — T, (viii).
Proof: Suppos€Y, s) is L — T, (ii).We shall prove thatX, t)is L — T, (ii). Let x; ,x, €
X with x; # x2,= f(xq) # f(x,) asf is one-one. Sinc€’,s) isL — T, (ii), Iu,vEs
such that(f (x1)) = 1, u(f (x2)) = 0 ands(f (x1)) = 0,v(f (xz)) = 1.This implies that
fr ) =1, W (xz) = 0andf 7 (v)(x;) = 0, f ' () (x2) = 1and

hencef ~1(u), f~1(v) €t as f is L-continuous ana,v € s .Now it is clear that
f, f'(w) €t such that (W) (x) = 1.f ' (W) (x) =0 and f () (xy) =
0, f~1(v)(x,) = 1. Hence the Hopological spac€X,t) is —T;(ii). Similarly (a), (c),
(d), (e), (M, (9), (h) can be proved.
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