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ABSTRACT
Let M be a 2-torsion free semiprime ['-ring and d:M—M a Jordan left derivation. We
find the existence of a positive integer n with the condition (d(x)a)"d(x)=0, for all x€
M and a€ I', which gives d=0. With the help of this assertion, we show that the presence
of Jordan derivations d and g on the 2-torsion free I'-ring M such that d?(x)=g(x), for all
x€ M implies d=0.

Keywords: n-torsionfree, Jordan derivation, Jordan left derivation, commutativity,
semiprime I'-rings.

1. Introduction
Let M and I" be additive abelian groups. M is said to be a I'-ring if there exists a mapping
MxI'xM—M (sending (X,0,y) into xay) such that
(a) (xt+y)az=xaztyoz,
x(atp)y=xay+xPy,
xa(y+z)=xoy+xoz,
(b) (xay)Pz= xo(yPz), for all x,y,z € Mand o, €T.

A subset A of a ['-ring M is a left(right) ideal of M if MTA(AI'M) is contained in
A. A ideal P of a I'-ring M is prime if P#M and for any ideals A and B of M , AT BCP,
then AcP or BcP. M is prime if alMI'b=0 with a,b € M, thena=00orb=0. M is

semiprime if al’MI'a=0 with a € M, then a = 0. M is n — torsion free if na=0 for a
€ M implies a=0,where n is an integer. We denote the commutator aab-baa by [a, b],, for
all a,p€ M and € I'. A I'-ring M is commutative if aob=boa, for all a€ M and a€ I". A T'-
ring M is non-commutative if it is not commutative. An element a of a I'-ring M is
nilpotent if (ac)"a=0, for all a€ I" and for some positive integer n. An ideal I of a I'-ring
M is nilpotent if(II")"1=0, for some positive integer n. A I'-ring M is nil if every element
of M is nilpotent. An additive mapping d:M—M is a derivation if d(aob)=aad(b)+d(a)ab,
a left derivation if d(aob)=aad(b)+bad(a),a Jordan derivation if d(aca)=aad(a)+d(a)oa
and a Jordan left derivation if d(ana)=2aad(a), for all a,b € M and €T

Ceven [4] worked on Jordan left derivations on completely prime I'-rings. He
investigated the existence of a nonzero Jordan left derivation on a completely prime I'-
ring that makes the I'-ring commutative with an assumption. With the same assumption,
he showed that every Jordan left derivation on a completely prime I'-ring is a left
derivation on it. In this paper, he gave an example of Jordan left derivation for I'-ring.
Mustafa Asci and Sahin Ceran [7] studied on a nonzero left derivation d on a prime I'-
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ring M for which M is commutative with the conditions d(U)cU and d?(U)cZ, where U
is an ideal of M and Z is the centre of M. They also proved the commutativity of M by
the nonzero left derivation d; and right derivation d, on M with the conditions d,(U)c U
and d;d,(U)c Z.

In [9], Sapanci and Nakajima defined a derivation and a Jordan derivation on I'-
rings and investigated a Jordan derivation on a certain type of completely prime I'-ring
which is a derivation. They also gave examples of a derivation and a Jordan derivation of
I"-rings.

Bresar and Vukman [2] proved that a Jordan derivation on a prime I'-ring is a
derivation.Furthermore, in [3], Bresar and Vukman showed that the existence of a
nonzero Jordan left derivation of R into X implies R is commutative, where R is a ring
and X is a 2-torsion free and 3-torsion free left R-module. In [6], Jun and Kim proved
their results without the property 3-torsion free. Qing Deng [5] worked on Jordan left
derivationd of prime ring R of characteristic not 2 into a nonzero faithful and prime left
R-module X. He proved the commutativity of R with Jordan left derivation d.

JosoVukman [10] studied on Jordan left derivations on semiprimerings. He
investigated a Jordan left derivation d on a 2-torsion free semiprime ring R such that d=0
with the condition (d(x))™=0,for all xeM. He also showed that d=0 if d and g are Jordan
derivations on a 2-torsion free and 3-torsion free semiprime ring R with the condition
d?(x)=g(x),for all XEM.

In this present study, we motivate the results of Joso Vukman [10] in ['-rings. We
show that the existence of a positive integer n makes the Jordan left derivation d on a 2-
torsion free semiprimel-ring M zero with (d(x)a)"d(x)=0, for all x€ M and a€l’. We
also investigate the Jordan derivations d and g on M with the conditiond?(x)=g(x), for all
xEM, which gives d=0.

Throughout this work, we denote the condition aabfc = afbac,for all a,b,ce
M and a,B€ I, by (*) for convenience.

2. Supporting lemmas

Lemma 2.1. Let M be a I'-ring satisfying (*). [f d:M—M is a Jordan left derivation then
(a) d(xay+yox)=2xad(y)+2yoad(x),

(b) d(xaypx)=xaxpd(y)+3xaypd(x)-yoxpd(x), for all x,y€ M and a,B€ I

The proof'is given in Y.Ceven [4].

Lemma 2.2. Let M be a 2-torsion free and 3-torsion free I" —ring satisfying (*), and
d:M—M a Jordan left derivation then. If (d[[d(x),X]q, X]g)=0 holds for all x€ M and

a,BE I the [d(x), X] Bd(x)=0, for all x€ M and o,B€ T.
Proof: Suppose that for all x€ M and a,pE I,
0= (d[[d(%), x| x]g) =6 [d(X), X] Bd(x), by Lemma 2.1 and (*). Since M is 2-torsion

free and 3-torsion free, [d(x),x],Bd(x)=0, for all x€ M and o,B€ T
For our work, we only state the following lemma

Lemma 2.3. Let M be a non-commutative prime I'-ring of characteristic not 2, and
d:M—M a Jordan left derivation. Then d=0.
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Lemma 2.4. Let M be a semi-prime ['-ring. Then M contains no nonzero nilpotent ideals.
Proof: Let I be a nilpotent ideal of M. Then (IT")"I=0, for some positive integer n. Let us
assume that n is minimal. Now, suppose that n>1. Since 1 T'lcl, we have
D HrMran™— can*rdan™ = (A0)Mrdr)*-21=0.Hence by thr semi-
primeness of M,we have (II)*~11=0, a contradiction to the minimality of n.Therefore,
n=1.This implies that [I'T=0. Then we get ITMI'T cII'I=0.But, since M

is semiprime, it yields I=0.

Lemma 2.5. Let M be a I'-ring. Then the following conditions are equivalent.

(a) M has no nonzero nilpotent elements.

(b) For every a€ M and a€ I', (ac)"a=0 implies a=0,for some positive integern.

Proof: Let a#0, then a is a nonzero nilpotent element of M, which is a contradiction.
Hence (a) implies (b). Let (a#0) € M be a nilpotent element. Then (aa)™a=0 ,for every
a€ I' and for some positive integer m. Suppose that m is minimal. If n<m, then n is the
degree of nilpo- tency, a contradiction. If n=m, then by hypothesis a is a zero nilpotent
element, which is also a contradiction. If n>m, say n=m+k, k>1. Then we have
(ac)™((ac) (a) ... (A0))k—factorsa=0. This gives (aa)™*¥a=0. This implies that
(aa)"a=0.By hypothesis, a=0, a contradiction. Hence M has no nonzero nilpotent
elements. Thus (b) implies (a).

3. Main theorems
Theorem 3.1. Let M be a 2-torsion free semi-prime I'-ring satisfying (*) and d:M—M a
Jordan left derivation . If there exists a positive integer n such that
(d(x)a)"d(x)=0, for all x€ M and a€ I', then d=0.
Proof: Since M is semi-prime, NP=(0),where the intersection runs over all prime ideals P
of M. We need to show that d(P)cP, for every prime ideal P of M. Let
a € P,x € M. Then by LemmaZ2.1(a),We have
0=d(ao x+x0a)ad(acax+xoa) =22(aad(x)caad(x)+aad(x)oxad(a)+xad(a)aac
d(x)+xad(a)axad(a)).
Since M is 2-torsion free, aod(x)€ P and xad(a) €M,
(xad(a)a) (xad(a)) =0(mod)P, for all a €I'. Also,
0=d(aoxt+xaa)ad(aoax+xaa)ad(aax+xaa)
=23(aad(x)aaad(x)aaad(x) + xad(a)aaad(x)aand(x)+ aod(x)axad(a)oand(x)
+ xad(a)axad(a)aaad(x)+ aad(x)aaad(x)axad(a) + xad(a)xaad(x)oaxad(a)+

aad(x)axad(a)axad(a)+ xad(a)oaxad(a)axad(a)).

Since M is 2-torsion free, and(x)€ P and xad(a) €M,
(xad(a)a)?(xad(a))=0(,mod)P, for all a €T".
Proceeding in this way, we have
(xad(a)a)"(xad(a))=0(,mod)P, for all o €T

Thus, in the prime T-ring, M'=M/P, we have (x ad(a)a)"x'ad(a)=0, for all
x € M anda €. By Lemma 2.5, x'ad(a)’=0, for all X' € M anda €I'. Since M’ is
prime, d(a)=0. This gives d(a) € P, and so d(P) <P. Therefore, d(P) <P, for all prime
ideals P of M, and so d induces a Jordan left derivation d on the prime I'- ring, M'=M/P.
Let us first assume that M’ is commutative. In this case, d is a derivation and we also
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have (d'(x)e)™d'(x)=0,which follows that d = 0. In case, M’ is non-commutative, it
follows by Lemma 2.3 that d = 0. Thus, in any case, d,(M/) = 0 ,that is, d(M)cP, for all
prime ideals P of M. Since NP=(0),we obtain d(M)=0, and hence d=0.

Theorem 3.2. Let M be a 2-torsion free and 3-torsion free semi-prime ['-ring satisfying
(*). If d:M—M and g:M—M are Jordan derivations such that d?(x)=g(x), for all Xx€ M,
then d=0.

Proof: We have, d?(x)=g(x), for all x€ M. (1)
Replacing xox for x in (1), and then using the condition that M is 2-torsion free, we

get d(xad(x))=xag(x), for all x€ M and a€ T'. 2)

Then by Lemma 2.1(a), and using (1) and (2), we have

d(d(x)ox)=2d(x)ad(x)+xag(x), forall x€ M and a€ I’ 3)

Taking (3)-(2), we get d([d(x), X] o )=2d(X)ad(x), 4)

for all x€ M and a€ I,

Replacing x by x+y in (4), we have d([d(X), Y] t[d(¥), X] )=2d(x)ad(y)+2d(y)ad(x).
Replacing xox for y in the above equation and then using Lemma 2.1(a) and the
condition that M is 2-torsion free, we have

dxa[d(x), x]o)=d(x)axad(x)+xad(x)ad(x), for all x€ M and a€ T. (5)
By Lemma 2.1(a), equation (4) and equation (5), we have

d([d(%), x]qox)=d(x)axoad(x)+xad(x)ad(x), forall x€ M and o€ T. (6)
Taking (6)-(5) and then applying Lemma 2.4, we get

[d(x), X] qad(x)=0, for all x€ M and a€ T (7)
Using Lemma 2.1(a),(1),(4) and (7), we obtain

d(d(x)a[d(x), X] ) F4d(x)ad(x)ad(x)+2[d(x), X] ,0g(x), for all xX€ M and a€ I (8)

By Lemma 2.1(b),(7)and (1), we have
d(xad(x)ad(x))=d(x)ad(x)ad(x)+3d(x)axag(x)-xad(x)ag(x), for all x€ Mand o€ I'.  (9)
By using (1),(9) and Lemma 2.1, we have
d(d(x)ad(x)ax)=d(x)ad(x)ad(x)+5xad(x)ag(x)-3d(x)oxag(x), for all x€ M and a€ I'.(10)
Applying (10)-(9),we have

d(dx)ad(x)ax -xad(x)ad(x))=-6[d(x), X]0g(x), for all x€ M and a€ T (11)
On the other hand, by (7), we obtain

d(dx)ad(x)ax -xad(x)ad(x))=d(d(x)a[d(x), X]), for all x€ M and a€ T. (12)
From (11) and (12), we have

d(dx)a[d(x), x] )= -6[d (%), X] ,0g(X), for all x€ M and a€ T. (13)
Combining (8) and (13) and using the condition that M is 2-torsion free, we have
dx)ad(x)ad(x)ad(x)+ 2d(x)a[d(x), X] ,0g(x)=0, for all x€ M and a€ I (14)
By Lemma 2.1(b),(1) and (4), we have

2d(x)ad(x)ad(x)ad(x)+ 3d(x)a[d(x), X],0g(x)=0, for all x€ M and a€ T (15)

Now, taking (15)x2-(14)x3, we have

d(x)ad(x)ad(x)ad(x) =0, for all x€ M and a€ I'. That is (d(x)a)3 d(x)=0, for all xE
Mand a€ I

Finally by Theorem 3.1, we have d=0.
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