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ABSTRACT

Assume that the stock price obey the stochastic differential equation driven by
Brownian motion, European option pricing with two stocks is considered by using
stochastic dynamic theory at first time. The density function of stock process is
obtained by using Fokker-Planck-Kolmogrov equation. Then, the price explicit
expression of the European option is given. It provides a new method for European
option pricing.
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1. Introduction

The break-through in option valuation theory started with the publication of two
seminal papers by Black and Scholes (1973). In the papers the authors introduced a
continuous time model of a complete friction-free market where the price of a stock
follows a geometric Brownian motion. They presented a self-financing, dynamic
trading strategy consisting of a riskless security and a risky stock, which replicates
the payoff of an option. Then they argued that the absence of arbitrage dictates that
the option price be equal to the cost of setting up the replicating portfolio. For details
about this method to study option pricing, see Hull and White (1988), Becker
(1991), Baksh et al. (1997), Gerber and Landry (1998), Sarwar and Krehbiel (2000),
and Gencay and Salih (2003).

Bladt and Rydberg (1998) introduced a new method of option pricing. Using
physical probability measure of price process and the principle of fair premium, they
deal with the problems of option pricing under the unbalance, arbitrage existing and
incomplete circumstance, and transform option pricing into a problem of equivalent



166 Yu-dong Sun and Yi-min Shi

and fair insurance premium. For details about this method to study option pricing,
see Ann(2007), Paul(2005).

Since the paper of Margrabe (1978), many important extensions have been
carrying on to study derivatives written on two stocks. Margrabe studied the pricing
of European options for the case of two non-dividend-paying stocks driven by
geometric Brownian motions.

In contrast to these references, this text aims to present the new method of option
pricing by using Fokker-Planck equation. The paper is organized as follows. In
section 2, we give brief review of Fokker-Planck equation. In section3, under the
assumption that the stock price obeys Black-Schole model, we present the density
function of stock price at every time by using Fokker-Planck equation. In section4,
the option pricing base on this stock is discussed. Section 5 contains conclusions.

2. Some mathematical tools
Let’s consider a simple example. Later, we’ll use the result of this example to
provides a new method for European claim pricing. Consider a dynamic system
driven by fractional noise
dx, = a(t,x)dt + B(t,x)dW, (1)
where x, is constant, a(z,x) and 5(z,x) are functions dependent on ¢ and x. {#;,t>0} is
the standard Brownian motion under the complete probability space (Q,F,P). We
endow the probability space with the filtration {F,,z>0} generated by {,,:>0}. So

that, we get the following important.

Lemma 2.1 (FPK equation) The solution for the density function p(z,x) of Eq(1) can
then be written

2y atmpr - (B ). @)

ot Ox ’ o2 ’
where the density function p(z,x) satisfied initialization conditions of dynamic
system (1)

P(0,x) is deterministic.
And, it also satisfied infinite boundary
lim p(¢,x)=0.

X—>0

Its demonstration see Risken(1989).

3. The Model
Consider a fractional Black-Scholes market model with a money market account
and two stocks. We assume that the two stocks price SI1(t), S2(t) satisfy the
stochastic differential equations
ds;(t) = S;(O[(y; — a; InS;(D))dt + oy dW; ()], (i=12). 3)
Where, return rate g,u, dividend rate ¢;,q, volatility rate oy,0, and mean value
recovery rate ¢, a, are constant. {,(¢), >0} and {#,(¢),t > 0} are the standard Brownian
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motion under the same complete probability space (Q, F, P) , respectively. Denote the
natural o -field flow by {F,,>0} which is generated by {,(¢),z >0} and {W,(¢),t>0}.
We also assume that a money market account B, , with dynamics
dB, =rBdt, By=1, 0<t<T. 4
so that B, =exp{rt} , where the interest rate » is constant. We introduce an new
probability measure Q such that

Ll :exp{—@W(T)—lezr},
T 2
Where
(o1 O m—aInS(@)-r B
9—(0 azj[yz—azlnsz(t)—rj’W(t)_(Wl(t)’WZ(t))’ 0<t<T.
Let

W)= +W(t),0<t<T.
Girsanov’s theorem shows that W (1) =(W,(1),W,(1)) is a two-dimensional standard
Brownian motion under probability measure O ,and

dS,«(t):Si(t)[rdt-i—al-dl/?/i(t)],(i:1,2). (5)
Theorem 3.1 By the FPK equation, the density function p(z,x) of the Si(¢) satisfy
o o? , & : o ) .
_Epi +7x ax_zpi +(20; —”)xgpi +(oi —r)p;=0,(i=12), (6)
So+e&
lim j pi(t,x)dx=1, forall £>0. (7)
t—0
So—e
pi(t.x|Fy)=0 forallx<o, ®)
lim p,(t,x|Fy)=0, forallx>0. 9)
X—>+0
Proof. By the lemma2.1, Eq(5) have the following FPK equation
0 o 10> 5,
P :—a(rxpi)JfE&C—z(Ui xpi) (10)
now
2
a—ax("xl?i) =1mp;it ”X%Pi 5 %(O}zxzpi) = 20'1'217;' + 401‘23‘%%‘ + crl-zxzai—zpi 5
Since
0 o} 20 2 0 2
o Pitx 2P +(20; —F)Xapi +(oj —r)p; =0.
To see that S(0) is deterministic, such that
So+e
lim Ip,-(t,x)dx =1, forall £¢>0.
t—0
So—¢
Note that

S(6)>0, for all £>0,



168 Yu-dong Sun and Yi-min Shi

since
pi(t.x|Fy)=0, forall x<0.

Because p(#,x) is a density function of S(#), so that

So+e
lim Ipt(t,x)dle ,forall £>0, lim pl.(t,x|FO) -0.0
taOS X—>+00

Q*E

Theorem 3.2 The density function of the Eq(5) can be written as follow

12 (Inx-InS§, —rt+%0',-2t)2} .

pi(t,0) =———exp!
l N i* 20;
Proof. Assume that7 = g,, we will find that S, (¢) can be changed as follow
s ()= o8, (1)dw, .
Then, S, (¢) obey the normal state distribution of logarithm. Let
&l N(a,,O't),X:eéZ .

Consequently , we can take steps to assume that S,(¢) = e® . Then

exp{—lnx—llnat —L(lnx—at)z}

(1) =
Ly 2 20,
by the Eq(6), such that

b

0 (Inx—a,)a; (Inx—a d o 0 1 Inx—a
L= plerzaa (e o 0, 1, D0xmd
ot o; o; 20, = Ox x A

0 1 Inx-a, » 1 Inx—a, 1 p

o p = I ey AL

ox? x2 O x? t x* o

So by Theorem 3.1, we have

/ 2 2 2 2 /
a, o o 201 —r o o
[+ =+ = - (Inx - ) +[5 - —L(nx—q,)?
O-t Ut 20—[ O-t (o Oy
2
o, o
+—L+of ——=—(207 —=r)+(of —r) =0.
oy lop

By the arbitrariness of Inx —a,, we have

' 2 2 2 2 '
_4 of | of 20i-r_, O0i Oi_,
— Y ]
o, o 20} oy 20} o}
o, o of 2 2
—Ltof - 12 -Q2of =r)+(of =r)=0.
t Gl‘
and therefore, since
! 0-12 0-12 ! 12
oy=——, 0y=——1, ay=r———
2 2 2

2
O . .
Let a,=c+rt —TIt , where c is constant, since
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1 1 1 702
t,x)= - Inx—c—rt+—o7t)"}.
pl( )C) \/Ealxexp{ Zalzt(nx c—r 20-1 ) }
By the Eq(7),we have

So+e

. 1 1 1 2.0
lim J. exp{ (Inx—c—-rt+—oft)" }dx=1,
t—)OS V2mopx 20'12t 2

0—¢€

Then
4, (1) 2
lim J L expi— =1, (11)
t—0 Jor 2
L (1)
where
In(S;(0)+ &) —c+rt —loft In(S;(0)—&)—c+rt —lafz
4(0)= 2 40= 2
O']'\/; O']'\/;
and
lim A4, (1) =+o0, lim 4y()=— , (12)
t—0 t—0

By the arbitrariness of ¢>0, we have InS;(0)=c . If not, we can assume that

S,(0)—c

InS;(0)>c, lete= , we will find

C C C
In(S,(0)+ &)= >0, In(S;0)-2)—c =D 4 &) _comE+Ey_c=0
2 2 2 2
It means
lim 4 () = +o0, lim 4, (f) = +oo ,
t—0 t—0

This is inconsistent with Eq(8). Since

1 1 1 5
pi(t,x)= exp{ (Inx-InS;(0)—rt+—oft)"} .
! V2o x 20t : 2!

Then, by using the same way, the analytic formula of p,(z,x)is hold. o

4. Option Pricing
In what follows we introduce some relevant derivatives of two stocks, and show
how to obtain the formulae for the value of these derivatives. Let

a :[lnSl(O)—lnS2(0)+%(012 +a§)T]/,/(af +0)T ,ay =ay—(6f +3)T,,
by :[lnSl(O)—an+rT+%alzT]/\/0'lTT,b2 =b —\/O'ITT,
q =[an—lnS2(0)—rT—%c722T]/\/0'zTT,c2 =q —\/QTT,
d, :lnS1(0)+rT—%alzT , d, :lnS1(0)+rT—%012T.

Lemma 4.1 The price at time ¢ = 0 of a bounded Fy—measurable claim Fe?(Q),
whose derivative of the two stocks S1(7), S»(7) , is given by
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v=e"TE[F|F].
Consider the derivative with the pay off function

g y)=(x-y)",
called the Swap Option to exchange a stock S,(7) for another stock Si(7) .

Theorem 4.1 The value of the Swap Option, which exchange a stock S»(7) for
another stock S1(7) at time 0 is given by

v=e"TEQ[(S1(T) = Sy(T) ' |F1= 51 (00 ()~ S, (0)D(ar) -
Proof. By the Theorem 3.2, we have

v=e"TEQl(S/(T) = Sy (T) | Fo] =" j j(x = )21 (T5 ) p (T y)dxdy

x>y

:e_rTIj(x—y) L expie——(Inx—dy)’ ———(Iny—d;)*}dxdy
270109 xy 20{T 205T

x>y

e [[ler—e) et - -
27010y 20{T 205T

(v —dy)*}dxdy

x>y
=51(0)D(a) — 5 (0)P(ay) O
Corollary 4.1 The value of the European Call Option of the stock S;(7) with
exercise price K, at time =0, is given by
v=e"TEgl(S1(T) - K) 1= 51(0)0(h) - Ke ™ d(by) .
Proof. Lets, =0,5,(T) =K, In theorem 4.1, we have
S,(T) =Kke T ,(ll:bl, a,=b,.

Corollary 4.2 The value of the European Put Option of the stock S, (7') with exercise
price K, at time =0, is given by

v=e"TE[(K = S5y(T) 1= Ke ™" Q(c2) = $1(000(cy) -
Proof. Leto, =0, 5,(T) =K , In theorem 4.1, we have

S1(T)= Ke'T ,a1=cy, a,=c;.
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