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 ABSTRACT 

The nature of the solutions of the over-damped systems depends on the nature of 
damping forces. In this article, the Krylov-Bogoliubov-Mitropolskii (KBM) method 
has been extended and modified for obtaining the solutions of fourth order over-
damped nonlinear systems, when the damping force is such that, one of the 
eigenvalues of the linear systems is vanishes or tends to zero and the other 
eigenvalues are in integral multiple. The method is illustrated by an example. The 
solutions obtained by the presented KBM method for different set of initial 
conditions show good coincidence with those obtained by the numerical method. 
 
Keywords: Asymptotic Solutions, Over-damped Systems, Damping Forces. 

1. Introduction 
The Krylov-Bogoliubov-Mitroploskii (KBM) [4, 6] method is a widely used 

tool to study nonlinear oscillatory and non-oscillatory differential systems with 
small nonlinearities. Originally, the method was developed by Krylov and 
Bogoliubov [6] for obtaining the periodic solutions of second order nonlinear 
differential systems with small nonlinearities. The method was then amplified and 
justified mathematically by Bogoliubov and Mitroposkii [4].  Popov [13] extended 
the method to damped oscillatory nonlinear systems. Owing to physical importance 
of the damped oscillatory systems, Popov's results were rediscovered by Bojadziev 
[5] and Mendelson [7]. Murty et al. [10] developed an asymptotic method base on 
the theory of Bogoliubov to obtain the response of over-damped nonlinear systems. 
Murty [11] presented a unified KBM method, which covers the undamped, damped 
and over-damped cases. Sattar [14] found an asymptotic solution of a second order 
critically damped nonlinear system. Shamsul [17] examined a new asymptotic 
solution for both over-damped and critically damped nonlinear systems. 

First, Osiniskii [12] found an asymptotic solution of a third order nonlinear 
system by making use of the KBM method. But the solution was over simplified due 
to the restrictions on the parameters. Mulholland [8] removed this restrictions and 
found desired results. Sattar [15] studied a three-dimensional over-damped nonlinear 
system. Shamsul and Sattar [16] developed a perturbation technique based on the 
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work of the KBM for obtaining the solutions of third order critically damped 
nonlinear systems. Shamsul [20] investigated approximate solutions of third order 
critically damped nonlinear systems whose unequal eigenvalues are in integral 
multiple. Shamsul [21] also presented a perturbation method for solving third order 
over-damped systems based on the KBM method when two eigenvalues of the linear 
equation are almost equal (rather than equal) and the other is very small. 

In article [10], Murty et al. also extended the KBM method for solving fourth 
order over-damped nonlinear systems. But their technique is too much complex and 
laborious. Akbar et al. [1] presented an asymptotic method for fourth order over-
damped nonlinear systems which is simple and easier than the method presented in 
[10], but the results obtained by [1] are same as the results obtained by [10]. Later, 
Akbar et al. [2] extended the method presented in [1] for fourth order damped 
oscillatory systems. Akbar et al. [3] have investigated a technique for obtaining 
over-damped solutions of n-th order nonlinear differential equation. But the solution 
presented in [3] breakdown (see Appendix) when one of the eigenvalues is near 
zero or vanishes. 

In this article, we have filled up this gap and found desired results when one of 
the eigenvalues is near zero or vanishes and the others are integral multiple.  

 

2. The Method 

Consider a fourth order weakly nonlinear differential system 

),,,(4321
)4( xxxxfxkxkxkxkx ������������ ε−=++++                (1) 

where )4(x  stands for the fourth derivative of x with respect to t  and over dots are 
used to denote first, second and third derivatives of x ; 4321 ,,, kkkk  are constants, 
ε is the small parameter and f is the given nonlinear function. As the equation is 
fourth order, so, there are four eigenvalues of the corresponding linear equation and 
all are non-positive, since the system is over-damped. Suppose the eigenvalues are 

4321 ,,, λλλλ −−−− . 

Therefore, the solution of the corresponding linear equation of (1) is 
tttt eaeaeaeatx 4321

0,40,30,20,1)0,( λλλλ −−−− +++=    (2) 

where 0,ja , j =1, 2, 3, 4 are constants of integration. 

 
When ε ≠ 0, following [18] an asymptotic solution of (1) is sought in the form  

"++= ∑
=

− ),,,,()(),( 43211

4

1
taaaauetatx

j

t
j

j εε λ    (3)

  
where each )(ta j  satisfies the first order differential equation 

"� += ),,,,()( 4321 taaaaAta jj ε      (4) 
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We only consider the first few terms 1, 2, m,…  in the series expansion of (3) 
and (4), we evaluate the functions ju  and jA , j =1, 2, 3, 4 such that aj(t) appearing 

in (3) and (4) satisfy the given differential equation (1) with an accuracy of 1+mε . In 
order to determine these unknown functions, it was assumed by Murty and 
Deekshatulu [9], that the functions, …,, 21 uu  do not contain the terms involving 

tje λ−  , j = 1, 2, 3, 4, since these are included in the series expansion (3) at order 0ε . 
Theoretically, the solution can be obtained up to the accuracy of any order of 
approximation. However, owing to the rapidly growing algebraic complexity for the 
derivation of the formulae, the solution is in general confined to the lower order, 
usually the first [11]. In order to obtain some special solutions of (1), Shamsul [17, 
19] imposed the restriction that, …,, 21 uu  exclude terms involving 

tiiiie )( 44332211 λλλλ +++−  

where )()(
4
1

4321432144332211 λλλλλλλλ ++++++≤+++ iiiiiiii  (5) 

For the restriction (5); …,, 21 uu  include all terms of tiiiie )( 44332211 λλλλ +++− , 
where ",3,2,14 =i  etc. if 4321 ,, λλλλ < . Akbar et al. [3] have refined this 
restriction and impose a new restriction that …,, 21 uu  include the terms involving 

( ) ,44332211 tiiiie λλλλ +++−  when 14 >i                   (6) 
In article [3] Akbar et al. have shown that, under the new restrictions, the 

results show good coincidence with numerical results and it is useful even if 
0.1=ε . In this article, we have used the restriction presented in (6) and have 

investigated desired results when one of the eigenvalues tends to zero or vanishes 
and the others are integral multiple. 

Differentiating equation (3) four times with respect to t , substituting the value 
of x  and the derivatives )4(,,, xxxx ������  in equation (1) and equating the coefficients 
of ε , we obtain the following equation (see also [18] for details)  

( ) ( )taaaafu
td

dAe
td

d
j

j
j jkk

j
t

k
j ,,,, 4321

)0(
4

1
1

4

1

4

,1

=







++
















+ ∏∑ ∏

== ≠=

− λλ λ

        (7) 

where ),,,( 0000
)0( xxxxff ������=  and ∑

=

−=
4

1
0 )(

j

t
j

jetax λ  

In general, the functional )0(f  can be expanded in Taylor’s series (see also [9] 
for details) of the form: 

tiiii

ii
iiii eaaaaFf )(

,,

0,,0
4321,,,

)0( 44332211

41

4321
),,,( λλλλ +++−

∞∞

==
∑=
…

…
             (8) 

Substituting the value of )0(f  from (8) into equation (7), we obtain 
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( )

tiiii
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iiii

j
j

j jkk
j

t
k

eaaaaF

u
td

dAe
td

d j

)(
4321
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4

1
1

4

1

4

,1

44332211

41

4321
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λ λλ
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==

== ≠=
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∑

∏∑ ∏

=









++
















+

…

…

             (9) 

It is noted that the limits of 4321 ,,, iiii  are 0  to ∞ , but for a particular 
problem they have some definite values. The eigenvalues are unequal and for the 
sake of definiteness, we may consider that 4321 λλλλ <<< . Since 1u  does not 

contain the term ( ) tiiiie 44332211 λλλλ +++−  where 14 ≤i  (by condition (6)), we shall be 
able to find the unknown functions ju  and 4,3,2,1, =jAj  subject to the 

condition that the coefficients of 4,3,2,1, =jAj  do not become large or 

undefined when the small root say 1λ  is vanishes or +→ 01λ  and the other 
eigenvalues are in integral multiple. This completes the determination of the solution 
of the equation (1).  

 
3. Example 

For illustration of the method, we have considered a Duffing equation type 
fourth order nonlinear differential system 

( ) 3
4321

4 xxkxkxkxkx ε−=++++ ������               (10) 

Here 3xf = . Therefore, we obtain 

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) .366

363

3336

33

333

433432421

4143142

323132321

2213121

14142434

2
4

2
3

33
3432421

2
4

2
1431

2
4

2
2

22
32

22
31

2
3

2
2321

33
2

22
21

2
3

2
1

2
2

2
1

33
1

22
41

22
42

22
43

33
4

0

tttt

ttt

tttt

tttt

ttttt

eaaeaeaaaeaaa

eaaeaaaeaa

eaaeaaeaaeaaa

eaeaaeaaeaa

eaeaaeaaeaaeaf

λλλλλλλλλ

λλλλλλλ

λλλλλλλλλ

λλλλλλλ

λλλλλλλλ

+−−++−++−

+−++−+−

+−+−+−++−

−+−+−+−

−+−+−+−−

++++

+++

++++

++++

++++=

 
In accordance with our assumption (6), we obtain the following equations for 

determining the functions 4321 ,,, AAAA  and 1u : 

( )
( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) .36

636

333
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33

433432

42141431
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2131211
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+∑ ∏

 (11) 
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And 

( ) ( ) ( ) tttt

j
j

eaaeaaeaaea

u
td

d

4142434 22
41

22
42

22
43

33
4

4

1
1

333 λλλλλλλ

λ

+−+−+−−

=

+++=









+∏

(12) 

Since 1λ  is very small or vanishes and the other eigenvalues are in integral 
multiple, together with the condition that the coefficients of 4,3,2,1, =jAj  do 
not become large or undefined, so, equation (11) can be separated for the unknown 
functions 4,3,2,1, =jAj , in the following way: 

( ) tt eaAe
td

d
td

d
td

d
11 33

11432
λλλλλ −− −=








+








+








+             (13) 

( )

( )( )ttt
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d
td

d
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d
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−
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            (14) 

( )

( ) ( )

( ) ( )

( ) }3
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32131

3

33
3

22
32

2
3

2
2

22
31
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2

3
2

1

3421

tt

tt

tt

t

eaeaa

eaaeaa

eaaaeaa

Ae
td

d
td

d
td

d

λλλ

λλλλ

λλλλλ

λλλλ

−+−

+−+−

++−+−

−

++

++

+−=









+








+








+

             (15) 

And 

( )

( ) ( ) ( )

( ) ( ) ( ) }366

363{

43432421

4143142

4

2
4

2
3432421

2
4

2
1431

2
4

2
2

4321

ttt

ttt

t

eaaeaaaeaaa

eaaeaaaeaa

Ae
td

d
td

d
td

d

λλλλλλλλ

λλλλλλλ

λλλλ

+−++−++

+−++−+−

−

+++

++−=









+








+








+

(16) 

Solving equations (12)-(16), we obtain 

 
( ) ( )

( ) tt

tt

eadeaad

eaadeaadu

443

4241

33
44

22
433

22
422

22
4111

λλλ

λλλλ

−+−

+−+−

++

+=
          (17) 

And 
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( )

( ) ( )

( )

( )

( ) ( ) ttt

ttt

ttt

ttt

ttt

t

eaaseaaaseaaas

eaaseaaaseaasA

eaqeaaqeaaq

eaaqeaaaqeaaqA

eapeaapeaapA

ealA

33221

1312

3322

31211

2211

1

2
4

2
3643254214

2
4

2
134312

2
4

2
214

23
36

2
325

2
3

2
24

2
3133212

2
3

2
113

23
23

2
212

2
2

2
112

23
111

,

,

λλλλλ

λλλλ

λλλλ

λλλλλ

λλλλ

λ

−+−+−

−+−−

−+−−

+−+−−

−+−−

−

+++

++=

+++

++=

++=

=

 (18) 

 

where 
)]2()2()(2[/3 4314214141 λλλλλλλλλ +−+−+−=d , 

])2()2)((2[/3 4324124242 λλλλλλλλλ +−+−+−=d , 
])2()2)((2[/3 4234134343 λλλλλλλλλ +−+−+−=d , 

],)3()3()3(2[/1 43424144 λλλλλλλ −−−=d  
)]3()3()3[(/1 4131211 λλλλλλ −−−=l ,  

)]2()2()[(/3 421321211 λλλλλλλλ −+−++=p , 
])2()2(2[/3 42132122 λλλλλλλ −+−+=p ,   

])3()3()3[(/3 4232123 λλλλλλ −−−=p , 
)]2()2()(/[3 431321311 λλλλλλλλ −++−+=q , 

)]()()(/[6 432132312 λλλλλλλλ −++++=q , 
)]2()2(2/[3 43123133 λλλλλλλ −+−+=q ,

)]2()2()[(/3 432132324 λλλλλλλλ −+−++=q , 
)]2()2(2[/3 42312335 λλλλλλλ −+−+=q ,   

])3()3()3[(/1 4323136 λλλλλλ −−−=q , 
)]2()2()[(/3 324124421 λλλλλλλλ −+−++=s ,  

)]()()[(/6 414321432 λλλλλλλλ +++−+=s , 
)]2()2()[(/3 431421413 λλλλλλλλ +−+−+=s , 

)]()()[(/6 424321414 λλλλλλλλ ++−++=s , 
])())([(/6 431243425 λλλλλλλλ ++−++=s , 

])2()2)([(/3 243143436 λλλλλλλλ −+−++=s . 
Substituting the values of 321 ,, AAA and 4A  from equation (18) into the 

equation (4), we obtain 



On Asymptotic Solutions of Fourth Order Over-Damped Nonlinear Systems in 
Presence on Certain Damping Forces 

 

89 

( )( )
( ) ( )(
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( ) ( ) ).
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ttt
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t
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eaaqeaaaqeaaqa

eapeaapeaapa
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λλλλλ

λλλλ

λλλλ

λλλλλ

λλλλ

λ

ε

ε

ε

ε

−+−+−

−+−

−+−−

+−+−−

−+−−

−

+++

++=

+++

++=

++=

=

�

�

�

�

    (19) 

Now, the second, third and fourth equations in (19) have no exact solutions. So, 
we have solved equation (19) by assuming that 321 ,, aaa  and 4a  are constants in 
the right hand sides of (19), since ε  is a small parameter. This assumption was first 
made by Murty and Deekshatulu [9] and Murty et al. [10] to solve the similar type 
of nonlinear equations. Thus, the solution of (19) is 
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−

−
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+
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0,210,44

332

211

312

λλλ

λλλ

λλλ
ε

λλλ

λλλ

λλλ

tt

tt

tt

eaaseaaas

eaaaseaas

eaaaseaasaa

−+−

+−−

+−−

−
+

+
−

+

+
−

+
−

+

+
−

+
−

+=

 (20) 

when 1λ  is small but not equal to zero. 
And 
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when 1λ  is equal to zero. 

Therefore, we have obtained the first approximate solution of the equation (10) 
as  

14321
4321 ueaeaeaeax tttt ελλλλ ++++= −−−−              (22) 

where 4321 ,,, aaaa  are calculated by the equation (20) and 1u  is calculated by the 

equation (17) when 1λ  is small or +→ 01λ  and 4321 ,,, aaaa  are calculated by 
the equation (21) when 01 =λ  and 1u  is calculated by the equation (17) in this case 
also.  

4. Results and Discussion 

It is usual to compare the perturbation results obtained by a certain perturbation 
method to the numerical results to test the accuracy of the approximate solution. 
Firstly, we have considered the eigenvalues ,01.01 =λ  ,0.12 =λ  1.33 =λ , 

5.94 =λ  and ),( εtx  is computed by (22) in which ,, 21 aa  43 ,aa  are computed 
by (20) and 1u  is computed by (17) when ε = 0.1 together with initial conditions 

5.00,1 =a , 5.00,2 =a , 5.00,3 =a , 

5.00,4 =a [or 999998.1)0( =x , 785315.6)0( −=x� , 364510.50)0( =x�� ,
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935760.443)0( −=x��� ] for various values of  t and the results are presented in the 
second column of the Table 1. A second solution (designated by #x ) of the equation 
(10) has also been calculated by fourth order Runge-Kutta method and the results are 
presented in the third column of the Table 1. Percentage errors have also been 
calculated and are shown in the fourth column of the Table 1. From Table 1, we see 
that the Percentage errors are much smaller than 1%. 
 
Table 1: Comparison of the approximate solution x to the numerical solution 

#x when the eigenvalues are ,01.01 =λ  ,0.12 =λ  1.33 =λ , and 5.94 =λ  
t x  #x  E% 

0.0 1.999998 1.999998 0.0000 
1.0 0.705366 0.704637 -0.1035 
2.0 0.560031 0.558837 -0.2137 
3.0 0.509801 0.508443 -0.2671 
4.0 0.488283 0.486876 -0.2890 
5.0 0.477125 0.475713 -0.2968 
6.0 0.469820 0.468419 -0.2991 
7.0 0.463977 0.462594 -0.2990 
8.0 0.458710 0.457348 -0.2978 
9.0 0.453698 0.452354 -0.3100 

10.0 0.448808 0.447890 -0.3099 

Secondly, we have considered the eigenvalues ,0.01 =λ  ,5.02 =λ  6.13 =λ  
and 0.54 =λ . Therefore, the product of the eigenvalues is equal to zero. i. e. the 
coefficient of the linear restoring force is equal to zero. In this case, only the 
nonlinear restoring force exists in the system. For this situation, the perturbation 
solution ),( εtx  is computed by (22) in which ,, 21 aa  43 ,aa  are computed by (21) 
and 1u  is computed by (17) when 1.0=ε  together with initial conditions 

25.00,1 =a , 25.00,2 =a , 25.00,3 =a , 25.00,4 =a   [or 999997.0)0( =x , 
765399.1)0( −=x� , 937829.6)0( =x�� , 288620.32)0( −=x��� ] for various values 

of  t and the results are presented in the second column of the Table 2. A second 
solution (designated by #x ) of the equation (10) has also been calculated by fourth 
order Runge-Kutta method and the results are presented in the third column of the 
Table 2. Percentage errors have also been calculated and are shown in the fourth 
column of the Table 2. 

The KBM method was developed for the systems in which the linear restoring 
forces must present and the case where only nonlinear restoring force exists and 
linear restoring forces vanish was not discussed. But from Table 2, we see that the 
results obtained by the solution equation (22) (an extension of the KBM method) 
show good agreement with those obtained by numerical method in the case when the 
linear restoring force is absent. This is the achievement of the technique presented in 
this article. 
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Table 2: Comparison of the approximate solution x to the numerical solution 
#x when the eigenvalues are ,0.01 =λ  ,5.02 =λ  6.13 =λ , and 0.54 =λ  

t x  #x  E% 
0.0 0.999997 0.999997 0.0000 
1.0 0.458471 0.457905 -0.1236 
2.0 0.356388 0.355072 -0.3706 
3.0 0.310468 0.308630 -0.5955 
4.0 0.285346 0.283182 -0.7642 
5.0 0.270449 0.268087 -0.8811 
6.0 0.261313 0.258834 -0.9978 
7.0 0.255602 0.253058 -1.0053 
8.0 0.251966 0.249989 -0.7908 
9.0 0.249593 0.247006 -1.0473 

10.0 0.247992 0.245408 -1.0529 

In general, the KBM method is useful only when 1<<ε . Sometimes the 
solution obtained by the KBM method is fit to be used even if 0.1=ε  (see also [7] 
for details). We have again computed ),( εtx  by (22) when the eigenvalues are 

,01.01 =λ  ,0.12 =λ  1.33 =λ , 5.94 =λ  and 0.1=ε  together with initial 
conditions 25.00,1 =a , 25.00,2 =a , 25.00,3 =a , 25.00,4 =a  [or 

999998.0)0( =x , 399525.3)0( −=x� , 131584.25)0( =x�� , 
847198.221)0( −=x��� ] for various values of  t and the results are presented in the 

second column of the Table 3. The numerical solution (designated by #x ) of the 
equation (10) has also been calculated by fourth order Runge-Kutta method and the 
results are presented in the third column of the Table 3. Percentage errors have also 
been calculated and are shown in the fourth column of the Table 3. From Table 3, 
we see that, the results are acceptable and the percentage errors are smaller than 1%. 

 
Table 3: Comparison of the approximate solution x  to the numerical solution #x  

when the eigenvalues are ,01.01 =λ  ,0.12 =λ  1.33 =λ , and 5.94 =λ  
 

t x  #x  E% 
0.0 0.999998 0.999998 0.0000 
1.0 0.334205 0.333388 -0.2451 
2.0 0.240449 0.239173 -0.5335 
3.0 0.197285 0.195925 -0.6941 
4.0 0.170977 0.169673 -0.7685 
5.0 0.151817 0.150615 -0.7981 
6.0 0.136222 0.135131 -0.8074 
7.0 0.122777 0.121791 -0.8096 
8.0 0.110871 0.109982 -0.8083 
9.0 0.100206 0.099405 -0.8058 

10.0 0.090604 0.089882 -0.8033 
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5. Conclusion 
A technique is developed in this article for obtaining the solution of quasi-linear 

over-damped systems when the damping forces are such that one of the eigenvalues 
is nearly zero and the others are integral multiple. The results obtained by the 
technique presented in this article are not only fit to be used in the case of small 
nonlinearities but also fit to be used in the case of high nonlinearities. i. e. the results 
are useful even if 0.1=ε . 

6. Appendix: Discussion on Akbar et al. [3] 
Akbar et al. [3] also considered the Duffing equation type fourth order 

nonlinear differential equation, as we have considered in the equation (10). i. e. They 
considered 

( ) 3
4321

4 xxkxkxkxkx ε−=++++ ������               (10)
  

In article [3] Akbar et al. imposed the restrictions that, 
",4,3,2,12 =≈ JJ λλ , 3212 λλλ <+  and .4321 λλλλ <++  Therefore, 

they respectively obtained the variational equations and the correction terms in the 
form: 
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And 
( ) ( )

( ) tt

tt

eadeaad

eaadeaadu

443

4241

33
44

22
433

22
422

22
4111

λλλ

λλλλ

−+−

+−+−

++

+=
          (24) 

where 
( )( )[ ],332/1 141311 λλλλλ −−=m    

( )( )( )[ ],22/3 143123311 λλλλλλλλ +−+−+=n  
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( )( )[ ],22/3 4212122 λλλλλλ −++=n    ( )( )[ ],332/3 242123 λλλλλ −−=n  
( )( )[ ],22/3 3212111 λλλλλλ −++=r    ( )( )( )[ ],/6 2131322 λλλλλλ +++=r  
( )( )[ ],22/3 1323223 λλλλλλ −++=r    ( )( )[ ],22/3 3213134 λλλλλλ +−+=r  
( )( )[ ],22/3 3123235 λλλλλλ +−+=r    

( )( )( )[ ],22/3 324124426 λλλλλλλλ −+−++=r  
( )( )( )[ ],/6 414321437 λλλλλλλλ +++−+=r  
( ) ( )( )[ ],22/3 431421418 λλλλλλλλ +−+−+=r  
( ) ( ) ( )[ ],/6 432142419 λλλλλλλλ +−+++=r   
( ) ( ) ( )[ ],/6 4312434210 λλλλλλλλ ++−++=r  

( ) ( )[ ],332/1 3231311 λλλλλ −−=r    
( ) ( ) ( )[ ],22/3 2341434312 λλλλλλλλ −+−++=r  

( ) ( ) ( )[ ],222/3 4314214141 λλλλλλλλλ +−+−+−=d  
( ) ( ) ( )[ ],222/3 4324124242 λλλλλλλλλ +−+−+−=d  
( ) ( ) ( )[ ],222/3 4234134343 λλλλλλλλλ +−+−+−=d  

( ) ( ) ( )[ ].3332/1 43424144 λλλλλλλ −−−=d  
Equation (23) is solved by assuming that 321 ,, aaa  and 4a  are constants in 

the right side of the equation (23), since ε  is a small quantity. This assumption was 
first made by Murty and Deekshatulu [9], Murty et al. [10] to solve similar type 
nonlinear equation (23). Thus the solution of (23) is 
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(25) 

The third term of 4a  will be taar 0,3
2

0,23  when 324 2 λλλ += . Therefore, 
they obtained the first approximate solution of the equation (10) as 

14321
4321 ueaeaeaeax tttt ελλλλ ++++= −−−−               (26) 

where 321 ,, aaa  and 4a are given by (25) and 1u  is given by (24). 

When 01 =λ , we see that, the terms 1m  and 1r  become undefined and as a 
result the solution (26) breakdown, whereas our solution (22) remain valid in this 
case also. 
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