Chapter 3

Doubt intuitionistic fuzzy H-ideals

in BCK/BCI-algebras™

3.1 Introduction

Several concepts in FS theory are accepted in IFS theory such as IF relations,
intuitionistic L-FSs, IF implications, DIFSs etc.

Khalid and Ahmad [50] in 1999 brought the idea of FH-ideals in BC'I-algebras. In
BC K-algebras, characterization of DFH-ideals and concept of [FH-ideals are investi-
gated in 2003 by Zhan and Tan [92] and in 2010 by Satyanarayan et al. [66,67].

Jun [47], in 2001 made the DP and T-product of T-fuzzy SAs. Abdulla et al. [5,6],
gave some interesting results on DP of fuzzy ideals in different algebraic structures.
Furthermore in BC'K-algebras, the notion of DP of IFH-ideals are proposed by Ab-
dullah et al [7] in 2012,.

In this current chapter, we have introduced DIFH-ideals in BC'K/BCI-algebras
and have made a detailed study of its properties. The outcomes made us conclude
that in BCK/BCI-algebras, an IFS is a DIFH-ideal if the complement of this IFS
is an IFH-ideal. Besides we have also investigated relations among DIF-ideals and
DIFH-ideals.

Another unique inclusion that we have made in this chapter the DP of two DIFSAs
and two DIFH-ideals of two BC'K/BCI-algebras. We have also studied few important

*Part of the works presented in this chapter are published in
(1) Annals of Fuzzy Mathematics and Informatics, 8(4) 593-605 (2014), (2)International Journal of
Pure and Applied Researches, 2(1) (2016), 11-21.
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properties and relationships among them. It is noted that the DP of two IFSs appears
as DIFH-ideals and DIFSAs if and only if for any a,b € [0, 1], UC of level a and LC
of level b of that IFSs are H-ideals or SAs in BCK/BCI-algebra U x V.

3.2 DIFH-ideals in BCK/B(CI-algebras

In the current section, in BC'K/BCI-algebras the notion of DIFH-ideals is initiated

and different features connected to these are investigated.

Definition 3.2.1. Let M = (an, () be an IFS of a BCK/BCI-algebra U, then M
1s termed as a DIFH-ideal in U if

(i) e (0) < anr(q), Cu(0) > Cu(q)
(1) anr(q *8) < apr(q * (r' *8))V an(r)
(1) Car(q % 8) > Car(q * (r" * s)) NCaur (), for all ¢',7',s" € U.

Theorem 3.2.1. In an associative BCK/BCI-algebra U if the inequility ¢ *w < z
meets for a DIFH-ideal, then

(i) an(q *w) < an()

(i) Cur(q % w) > Cur(2).

Proof. Let ¢ ,w,x € U with ¢ xw < z then (¢ *w) *x =0 and as M is a DIFH-ideal

in U, so

(g xw) < maz{an(¢ * (x*w)), ay(z)}

’

= maz{an((¢ * ) *w),ap(x)} [Since U is associative]

(4

(

= mar{an((¢ *w)* ), an(z)}
(

= maz{ay(0), ()}

= apy(x) [because ap(0) < ap(x) ]

Therefore, an (¢ * w) < ap(z).
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Again,
Culd *w) = min{Culg * (% w)), Cu ()},
= min{Cu((¢ *z) *w),Cu(x)} [Since U is associative]
= min{Cu((q *w) * z), Gu(2)}
= min{Cu(0), Cu ()}

= (u(x) [because (pr(0) > () |

Therefore, (yr(¢" * w) > Cpr(x). Thus the theorem proves. O
Proposition 3.2.2. For a DIFH-ideal M = (apy, () in a BCK -algebra U. We have
an(0% (0% ¢)) < anlq) and (0% (0% q)) > Culq), for allq € U.
Proof. 1t can be easily proved. O
Lemma 3.2.1. If an IFS M = (au, () be a DIFH-ideal in o BCK/BCI-algebra U.
Then for ¢ < a, we have, ay(q) < an(a) and Cu(q) > Cula), for all ¢ a € U.
Proof. Let ¢',a € U such that ¢ < a then ¢ * a = 0. Now, ay(q¢) = an(q *0) <
maz{on (¢ * (a x0)), ap(a)} = maz{any (¢ * a),an(a)} = maz{ay(0), ar(a)} =
anr(a). Therefore, an(q) < an(a).

Again, (u(q') = Cur(g'+0) = min{Cu (¢ *(ax0)), Cur(a)} = min{Cu(q *a), Cu(a)} =
min{Cu(0), Cur(a)} = Cu(a). Therefore, Cur(q) > Car(a). 0

EXAMPLE 9. Let U = {0,k,l,m,n} be a BCK-algebra as given in table below:

x| 0 k | mn
00 0 0 0 O
Elk O k 0 O
Lyt 1 0 0 0
m|im m m 0 0
nin mn k 0

Let M = (apr, Cur) be an IFS in U as defined by

uvilo k£ [ m n

ay (0.1 04 0.7 08 0.8

Cu 109 06 02 02 0.2
Then M = (ap, Car) 48 a DIFH-ideal in U.
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Theorem 3.2.3. In a BCK-algebra U, the necesssity operator over a DIFH-ideal M
that is, @ M = {{q¢', an(¢),an(q))/q € U} is also a DIFH-ideal.

/

Proof. Since M = (ay, () is a DIFH-ideal in U, then ap(0) < ap(q) and ap(q *
s) < an(g * (" *8)) Van(r).

Now, apr(0) < an(q), or 1 — an(0) < 1 — anl(q), or ay(0) > ay(q), for any
¢ € U. Now for any ¢',7',s € U, ay(q *s) < max{an(q * (r' x5)),ap(r')}. This
gives, 1—anp(q *s') < maz{l—an (¢ *(r'xs)), 1—an(r')} or, ap(q xs") > 1—maz{l—
an(q * (r' ), 1 —ay(r)}. Finally, ay(q *s) > min{ay(q * (r' xs)), an(r)}.

Hence, @ M = {(¢', ar(q),an(q))/q € U} is a DIFH-ideal in U. O

Theorem 3.2.4. For a DIFH-ideal M = (aypr, () in U. The possibility operator over
M, which is @ M = {{(q',Cu(q),Cu(q))/q € U} is also a DIFH-ideal in U.

Proof. Since M = (ayy, () is a DIFH-ideal in U, then (u(0) > Cur(q).
Also, Cur(q * 2) > Culg * (' % 2) A Cu(r').

Again, we have, (3(0) > Cur(q), or 1—Cu(0) > 1—=Car(q), or Cu(0) (¢), for
any ¢ € U. Also for any ¢, 7',z € U, Car(q *2) > min{Cu(q * (r' * 2), )} This
implies, 1 — Cpr(q * 2) > man{l — Cu(q * (7' * 2),1 — Cu(r')}. That is, Car(q * 2) <
L—min{l = Cu(q * ("% 2), 1= Qu(r)} or, Cu(q *2) < max{Cu(q * (" * 2), Qu(r')}.
Hence, ® M = {{¢',Cu(q),Car(q)) /¢ € U} is a DIFH-ideal in U. O

< Cu
Cu(r

Theorem 3.2.5. Let M = (an,Cyr) be an IFS in U. Then M = (aum,(u) S a
DIFH-ideal in U iff @ M, and Q M are DIFH-ideals in U.

Proof. The proof is same as Theorem 3.2.3 and Theorem 3.2.4. m

Let us illustrate the Theorem 3.2.3, Theorem 3.2.4 and Theorem 3.2.5 by the help

of the example as defined by.
ExampLE 10. Let U = {0,t,u,v,w} be a BCK-algebra as follows:

x| 0 ¢t u v w
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Let M = (apr, () be a DIFH-ideal in U as defined by

U 0 t U vow
ay 0.2 04 05 05 0.6
(v |08 0.6 04 0.5 04

Then @ M, is defined as follows:

U 0 t U vow
ay 02 04 0.5 05 0.6
ay 0.8 06 0.5 05 04

Also @ M is defined by

U| 0 t U VW
(v 102 04 06 05 0.6
(v 108 06 04 05 04

So, it can be verified that @ M = {(¢', anr(¢), aa1(¢)) /¢ € U} and @ M = {(q', Cur(d).
Cu(q))/qd € UY are DIFH-ideals in U.

Theorem 3.2.6. An IFS M = (ayy, () s a DIFH-ideal in U iff the FSs oy and Cyy
are DFH-ideals in U.

Proof. Let M = (aur, () be a DIFH-ideal in U. Then it is obvious that ay, is a
DFH-ideal in U, and from Theorem 3.8, we conclude that (y; is a DFH-ideal in U.

Conversely, let ay; be a DFH-ideal in U. Therefore ay(0) < an(q), an(q) <
max{an (¢ * (r' *5)),an(r)}, Vg, ', s € U. Again, since (s is a DFH-ideal in U,
50, Car(0) < Car(q), gives 1= Cur(0) < 1—Cur(q), implies Car(0) > Car(q)-

Also, Gurlq'+') < maz{Carlg +('5)), Gur ()} or, 1=Cur(q % 8') < maz{1—Cu(q'
(r'%5)), 1= Cu(r)} or, Cu(g +87) > 1=maz{1—Cu(g *(r' +5)), 1 = Cu(r)}. Finally,
Cu(q *8) > min{Cul(q * (r' ), Cu(r)}, for all ¢, € U. Hence, M = (aays, () is
a DIFH-ideal in U. [l

/

Corollary 3.2.1. Let M = (a, () be a DIFH-ideal in U. Then the sets, D,,, =
{¢ € U/an(q) = an(0)}, and D¢,, = {q € U/Cu(q) = Car(0)} are H-ideals in U.
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Proof. Let M = (o, () be a DIFH-ideal in U. Obviously, 0 € D,,, and D¢,,. Now,

an
let ¢',7',s € U, such that ¢ % (r' * s'), r' € Dg,,. Then ay(q * (7' x s)) = a(0) =
an(r'). Now, anr(q * s) < max{on(q * (r' *8)), anr(r')} = an(0).

Again, since ay; is a DFH-ideal in U, ap(0) < ap(q * s). Therefore, ay(0) =
an(q * s'). It follows that, ¢ * s € D,,,, for all q,r',s € U. Therefore, D,,, is a

H-ideal in U. In the similar fashion we can conclude that Dy,, is also a H-ideal in

U. []

Definition 3.2.2. Let M = (s, ) be an IFS in U, and ¢,d € [0,1], then UC of
level ¢ and LC of level d of M, is as follows:

aire=1{d € Ulau(q) < c}
and (37, =1{d € U/Cu(q) > d}.

Theorem 3.2.7. If M = (an, () be a DIFH-ideal in U, then 041%470 and (ﬁd are
H-ideals in U for any c,d € [0, 1].

Proof. Let M = (ayr,Car) be a DIFH-ideal in U, and let ¢ € [0, 1] with a,(0) < c.
Then we have, ay(0) < a(q), for all ¢ € U, but an(q) <e¢, forall ¢ € ai’c. So,
0€ 04]%470. Let ¢',7',s € Uwith ¢ x(r'xs) € 041\34’6 andr’ € O‘J%/[,c . then, oy (¢ *(r'*s")) €
a]%“ and o (r') € aac . Therefore, ay(q¢ * (r' * s)) < cand ay(r') < c . Since ay
is a DFH-ideal in U, it follows that, a (¢ *s') < aar((¢ * (r' % 5)) \ an(r’) < c and
hence ¢ x5 € 0‘1%4@7 for all ¢',r’, s € U. Therefore, a]ﬁ’c is a H-ideal in U for ¢ € [0, 1].

In the similar fashion it can also be proved that C1\24 4isaH-idealin U for d € [0,1]. O

Theorem 3.2.8. If aﬁ,c and (AZM are either empty or H-ideals in U for c¢,d € [0, 1],
then M = [apg, Cu) is a DIFH-ideal in U.

Proof. Let aﬁvc and 61\24,[1 be either empty or H-ideals in U for ¢,d € [0,1]. For any
q¢ € U, let ap(q) = cand Cyy(¢) = d. Then ¢ € a§47CACA247d, SO 0‘1%4,@ + O F C]\z/[,d'
Since aic and C]\ZM are H-ideals of U, therefore 0 € 04]%476/\@]\2“[. Hence, ay(0) <
¢ = ay(q) and (y(0) > d = Cu(q), where ¢ € U. If there exist a,b,c € U
to the extent that ay/(a * ¢) > maz{ay(a * (b *c)),an(b)}, now considering,
co = 2(an(a * )+ maz{ap(a * (b x ), an(b)}), We have, ay(a xc) > ¢o >

maz{on(a * (b %)), ay(b)}. Hence, a xc ¢ aAS/I’CO, (a % (b xc)) e O‘J%/Lco and
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b € oz]%“o, that is aAS/LCO is not an H-ideal in U, here a contradiction arises. Therefore,
anr(q *8) <an((q * (" x8))\V au(r'), for any ¢',7',s € U.

Eventually, suppose that there exist ¢, f',g" € U s.t (e * g) < min{Cy(e *
(f %)), Cu(f)}. Taking do = 3(Cur(e’ * g') +min{Cu(e * (f *g), Cu(f)}), then
min{Cur(e * (f *¢)), Cu(f)} > do > Cu(e % g'). Therefore, e * (f *g') € C]\%’d and
f e C]\ZM but € xg ¢ CJ\ZL 4 Again a contradiction springs. Thus the proof ends. [

But, if an IFS M = (ays, (), is not a DIFH-ideal in U, then 04]%4’0 and Cﬁd are not

H-ideals in U for ¢,d € [0, 1], which is described through the example as given below.

ExaMPLE 11. Let consider a BCK-algebra V' that was given in Example 6 in the
below tabulated form:

* [0 dy €1 i

0] 0 0 0 0

dy | dy 0 dy d;

e1 | e dy 0 0

Hlh do /L 0

Let M = (apr, Car) be an IFS in' V' defined by

V 0 d1 €1 f1
apy | 0.1 05 0.7 0.6
(v |08 04 02 04

which is not a DIFH-ideal in U .

For ¢ = 0.671 and d = 0.252, we get ozic = (ﬁ,d = {0,d1, f1}, which are not
H-ideals in U, as e; x (dy *0) = ey xdy = dy € {0,dy, f1}, and dy € {0,dy, f1}, but
erx0 ¢ {0,dy, f1}.

Theorem 3.2.9. Union of any two DIFH-ideals in U, is also a DIFH-ideal in U.

Proof. Let M = (o, () and N = (an, (y) be two DIFH-ideals in U. Again let, C' =
MUN = (ag, (o), where ag = ay Vay and (o = Gy Aly. Let ¢ € U, then, ac(0) =
(anr V an)(0) = maz{an(0),an(0)} < maz{an(q),an(q)} = (am Van)(q) =
ac(q) and ¢c(0) = (Cur A Cw)(0) = min{Cu(0),Cn(0)} > min{Cu(q).Cnlq)} =
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(G ACv)(q) = Celq') Also,

ac(q *s) = maq{an(q *s),an(q *s)}

!

< maz{mazfoa(q * (r %5, an(r

i !

)], maa:[aN(q, * (7“’ * s/), ay(r

)}
), an(r)]}

’

= mazx{maz|ay(q * (7‘/ % 3/), ozN(ql * (r/ * sl)], max|op (r

)l

’

= mam[ac(ql * (7"/ * s/), ac(r

Similarly, we can prove that, (c(¢ * s') > min[Co(q * (r' x5, (e (r)].

Thus the proof ends. O

Theorem 3.2.10. Let consider two IFSs M and N in U, such that one is contained
in another. Also M and N are two DIFH-ideals in U. Then intersection of M and N
15 also DIFH-ideal in U .

Proof. Consider two DIFH-ideals M = (aps, () and N = (an,(n) in U. Again let,
D=MNN = (ap,(p), where ap = ay Aay and {p = (ur V (y. Let ¢',7',s € U,
then ap(0) = anr(0) Aan(0) < an(q)Aan(q) = an(q) and (p(0) = (u(0) V(N (0) >
Cur(q) v Cvlg) = ¢olq)- Also,

aD(q, * s,) = on(q, * s/) A ozN(q, * s,)

!/ ’

)]

= max{[aM(ql * (r/ * 3/)) A OzN(q, * (7"/ * s/))], [&M(rl) A aN(r/)]},

< mazfo (¢ * (r x5)), an ()] Amazfay(qg * (r *s)), an(r

[because one is contained in another|

7 ! !

= maa:[ozD(q, x (r xs)),ap(r)].

In similar manner we can proof that, (p(q *s') > min[Cp(q * (r' * s)), Cp(r)].

Thus the proof ends. n
The example given below supports the Theorem 3.2.9 and Theorem 3.2.10.

EXAMPLE 12. Let a BCI-algebra U = {0,i,j,k} be considered as given in below

tabulated form:
x|0 ¢« 7 k
010 ¢ j5 k
111 0 k
J k0 1
klk 7 v 0
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Let M = (o, Cur) be an IFS in U as follows:

Ulo i 5k
am |0 0.3 02 0.3
(|1 07 08 0.7

Then M = (ap, Car) 48 a DIFH-ideal in U.
Again, let N = (an,Cy) be an IFS in U as defined by

Uulo i j k&
anx |02 04 05 0.5
(v |08 06 05 05

Then N = (an,(n) is a DIFH-ideal in U.
We also assume that P = M UN = (ap,(p) where ap = ap V ay and (p = Cr A (n
and P is defined as:

ulo i 35 k

ap 0.2 04 0.5 0.5

¢p 0.8 0.6 05 05

Then P = (ap,Cp) is a DIFH-ideal in U.
Now let, Q = M NN = (ag, (o) where ag = ay A ax and (g = Cu V (-
Then @ is an IFS in U which can be defined as:

Ulo i j k
ag |0 03 02 03
Co|1 07 08 07

So, Q) = (ag, (o) is a DIFH-ideal in U.
Theorem 3.2.11. Fvery DIFH-ideal in U is a DIF-ideal in U.

Proof. Let M = (any, Car) be a DIFH-ideal in U, then (i) aa(0) < aa(q); Car(0) >
Culq), (i) an(q * ) < anlq = (' *s)) Van(r), and (i) Cu(q * ) > Culq *
(r' « s VA Cu(r),¥q,r',s" € U. If we put s = 0, then from (ii) and (iii), we get
an(q) < anr(q *) Van () and Cur(q) = Culg * 1) ACu(r), forall ¢, r', s € U,
since ¢ x0=¢ , for all ¢ € U.

Hence, M is a DIF-ideal in U. O
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The theorem may not hold in reverse direction. That is every DIF-ideal in U is not

a DIFH-ideal in U and this can be substantiated by example below:
EXAMPLE 13. Let U = {0, q,r} be a BCI-algebra given by the table below:

*|0 q 7
010 r ¢

qglg 0 r
rir q 0

Let M = (s, Car) be an IFS in U as defined by

Ul0 q r
ay |0 0.8 0.8
(v |1 02 0.2

Then M = (o, Cur) is a DIF-ideal in U.
Where M is not a DIFH-ideal in U, since ap(qx1) £ maz{an (g (0%7)), an(0)}.
Because, apr(q*r) = 0.8 and max{apy(q* (0x71)),an(0)} = ay(0) = 0.

For the IFS M = (ayy, Car), which is a DIF-ideal in U to be a DIFH-ideal in U, now

a condition is created.

Theorem 3.2.12. In an associative BCK/BCI-algebra U, every DIF-ideal becomes
a DIFH-ideal in U.

Proof. Let M = (ayz,Ca) be a DIFL in U. Then, ay(0) < a(q); Car(0) > Cur(q).
Now, since U is associative, then for ¢',7',s € U, ¢ * (' xs') = (¢ ') xs". Now,
an(q * (rx8) \au(r) = au((@d =r)*s)\/ au()
= ay((qg *s) 1) \/on(r/)

on(q/ * s/)

v

[because M is a DIF-ideal.]

Therefore, an(q * s) < an(q * (' x5))\ aa(r).
Similarly we can prove that, Ca(q * s ) > Cur(q * (r' * s ) A\ Cu(r'), ¥ , 7', s € U.
Hence, M is a DIFH-ideal in U. Thus the proof ends. O

Let illustrate the Theorem 3.2.12 with the help of the example below.
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EXAMPLE 14. Let consider a BC K -algebra U that was given in Example 10, with the

table below:

x| 0 ¢t u v w
0

uluw u 0 u wu
viv v v 0 w

wlw w w w 0

Here U is an associative BCK-algebra. Let M = (apr, () be an IFS in U as

represented by
Uvilio ¢t wuw v w

(|0 06 04 08 0.9
(v |1 04 06 02 0.1

Hence, M is a DIF-ideal as well as DIFH-ideal in U.

3.3 DP of DIFH-ideals in BCK/B(C'I-algebras
In BCK/BC1I-algebras the DP of DIFSAs and DIFH-ideals are initiated in this
current section, and to study this we first define the product of DIFSs in U x V. Some

properties connected to these are investigated .

Definition 3.3.1. Let U,V be two BCK/BCI-algebras. Again let K = (ag, (k) and
M = (ap, () be two DIF sets in U and V' respectively. Then the DP of DIFSAs K
and M is symbolized by K X M = (agxm,Cxxm), here axxayr : U x V. — [0, 1] with
axxm(k,m) = max{ag(u),an(v)} and Cxxnr : U x V' — [0,1] with Cxun(k,m) =

min{Cx (u), Cur(v) }V(k,m) € U x V.

Definition 3.3.2. An [FS K x M = (agxum,Ckxm) of BCK/BCI-algebra U X V' is

named as a DIFSA in U x V if

(Kv)aresn (ki ma) * (k2,ma)) < maz{ag (ki ma), e (b2, ma) }
(K2)Crexnr (K1, ma)*(kayma)) > min{Crxnr(k1,m1), Cxxar(k2, ma)}, for all (ky,my), (ka,me) €
UxV.

Theorem 3.3.1. Let K = (ag, (k) and M = (ap, () be two DIFSAs in U and V
respectively. Then K x M = (agxn, Crxar) 15 also a DIFSA in U x V.
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Proof. For any (ky,my), (ko,ms) € U x V. Then

OéKxM((/ﬁ,ml) * (/fz, mz)) = OéKxM(/ﬁ * kig, iy * m2)
= maz{ag((k * k), aar((m1 = ma)}

< max{max{ag(k), ax(k2)}, maz{ar (my), ar(ms)}}

= max{max{ag(ki),ar(mi)}, mazr{ak(ks), ap(ms)}}

= mazr{akxm(k1,m1), arxn(ka, mo)

Again,

Crxar((kr,ma) * (k2,m2)) = Crxar(ky * ka2, my * mo)
= min{Cx ((k1 * k2), Cur((ma * mao)}
> min{min{Cx (k1), Cx (k2) }, maz{Cunr(m1), Cur(mo) } }
= min{min{(x (k1), Qur(m1) }, maz{(x (k2), Car(ma)}}

= min{Crxm(k1,m1), Cxxnr(ka, m2)

Therefore, for all (ky1,mq), (ko,me) € U x V, K x M is a DIFSA in BCK/BC1I-
algebra U x V. Thus the proof ends. O]

Theorem 3.3.2. Let K = (ak,(x) and M = (ap, () be two DIFSA in BOK/BCI -
algebras U and V. Then
(i) arxnm(0,0) < agxnr(k,m)

(ZZ) CKXM(Ou O) > CKxM(k,m),V(k,m) ceUxV.

Proof. By definition, ag«n(0,0) = agxp{(k,m)x(k,m)} < agxu(k,m)\ axsr(k,m) <
agxy(k,m).
Soagx(0,0) < agxar(k,m),V(k,m) e U X V.
Again, Cxxum(0,0) = Crexnr{(k,m)x(k,m)} > Crescna (b, m) A Crexna (b, m) > Croxenr (i, m).
2 Crxm(0,0) > Crxnr(k,m),Y(k,m) e U x V. u

Lemma 3.3.1. Let K = (ak, (k) and M = (apr, Cyr) be two DIFSAs in U and V.
Then the assertions below are fulfilled.

(1) ak(0) < ap(v) and ap(0) < ag(u),Yu e U,v € V.

(i) Cx(0) > Car(v) and (pr(0) > Cx(u),Yu € Uyv € V.
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Proof. Let ap(v) < akx(0) and ax(u) < ap(0), for several w € U and v € V.
Then, agx(k,m) = maz|ag(u), ay(v)] < mazxfap(0), ax(0)] = axxa(0,0).
Which is a contradiction.
Similarly, let (g (u) > (ar(0) and (pr(v) > (k(0), for some w € U and v € V. Now,
Crxar(k,m) = min[Cx (u), Cu(v)] = min[Cu(0), Cx (0)] = Crxnr(0,0).

Hence a contradiction arises. Thus the result is proved. O

Theorem 3.3.3. If K x M is a DIFSA in U x V', then either K or M is a DIFSA
mUxV.

Proof. Since K x M is a DIF-SA in U x V| then for all (k1,my), (ka,ms) € U XV,
we have, agwnr((k1, my) * (ka,me)) < maz{agxnp(ki,m1), s (ka, ma)}.
By putting k1 = ko = 0, we get,

arxar((0,m1) * (0,m2)) < maz{axa(0,m1), arxar(0,ma)} - -~ (i)
Also we have, ag,wnr((0,m1) * (0,m2)) = agxar((0*0), (my * mg)) = max{ax(0 *
0), aps(my * ma)} = apr(my *xmg) - - - (44).
Again by using Lemma3.3.1 we have, maz{ca (0, m1), arspr(0,mo)}

= max{ay(mi),ap(ms)} - - (iii).

So from (7), (ié)and(iiz) we get, apr(my * ma) < mazx[ay(my), ay(ms)].

Similar way we can prove, Cy(mq * mg) > min[Cy(my), Cur(me)]. Hence M is a

DIFSA in U x V. O

Definition 3.3.3. An IFS KxM = (agxm, Cxxar) in U XV is named as a DIFH-ideal
inUxV if

(K3)agxm(0,0) < agxa(k,m) and Cxxa(0,0) > Crxnr(k,m)

(Ka)ar s ((k, ma)*(ks, m3)) < max{og o ((kr, ma)*((ke, ma)*(ks, m3))), axxnr (b2, m2) }
(K5)Croxnr (K, ma)*(kz, m3)) > min{Croxar (K1, ma)*((ka, ma)x(ks, m3))), Crexm (K2, m2) },
for all (ky,mq), (ka,m2), (ks,m3) € U x V.

Now, let us study and investigate different marked properties of DPs unreached so

far.

Theorem 3.3.4. Let K = (ak, (k) and M = (ay, (ar) be two DIFH-ideal in BOK/BC1I -
algebras U and V.. Then K X M = (axxnr, Cixm) s a DIFH-ideal in U x V.

Proof. Let (k,m) e U x V.



3.3. DP OF DIFH-IDEALS IN BCK/BCI-ALGEBRAS 48

agxm(0,0) = max{ag(0),ap(0)} < max{ax(u),ap(v)} = agxr(k,m).
And, CKXM(())O) = mm{CK(O),CM(O)} 2 mm{CK(u),CM(v)} = CKxM(k,m).
Now for any (k1,mq), (ko,ms2), (k3,m3) € U X V,
agsm((kr,my) * (k3,m3))
=agxn (k1 * k3, my xmg3)
=max{ag(ky * k3), ap(my * m3)}

<maz{maz{ak (ki * (ks * k3)), ax (k) }, max{an (my * (mg * mg)), apr(msa)}}

=max{max{ak (ki * (ko * k3)), anr(my * (mg xmg3)) }, maz{ak(ks), anr(mz)}}
=maz{agxp{ (k1 * (k2 * k3)), (mq * (ma * m3)) }, axsnr(ka, mo)}
<maz{agxp((k1,my) * ((ka,ma) * (ks3, m3))), axxn(k2, ma)}.

And

Crxar((kr,ma) * (ks, ms))
=Crexnm (k1 * kg, my xmg)
=min{Cx (k1 * k3), Qu (my = mg)}
>min{min{(x (k1 * (k2 * k3)), Cx (k2) }, min{Cy (ma * (ma * m3)), Car(ma) }}
=min{min{(x (k1 * (k2 * k3)), Cu (ma * (ma * m3)) }, min{(x (ka), Qur(ma) }}
=min{Crxar{ (k1 * (k2 x k3)), (m1 * (ma % m3))}, Cexnr (K2, ma) }
>min{Croxn ((k1, ma) * ((k2, ma)  (ks,ms3))), Croxnr (k2 ma) -

Hence for all (kl,ml),(k’g,mQ),(k’g,mg) e UxV, KxM= (aKxM,(KxM) is a
DIFH-ideal in U x V. [

The above Theorem is interpreted by the help of the example given below.

EXAMPLE 15. Let a BCI-algebra U = {0, 1, j, k} be considered in below tabulated form:

x|0 ¢« 7 k
010 ¢ j5 k
111 0 k g
J k0 1
klk 7 v 0



49 CHAPTER 3. DIFH-IDEALS IN BCK/BCI-ALGEBRAS

Let K = (ak, (k) be a DIFH-ideal in U as defined by

Uvlo i j &k
ax |0 0.3 0.2 0.3
(k|1 0.7 08 0.7

Again, let M = (apr, Cyr) be a DIFH-ideal in U as defined by

Uulo i j k
ay |02 04 05 05
Cw |08 0.6 05 0.5

Obuviously, U x U 1is also a BC'I-algebra.

Here we get, agxn(0,0) = agxm(f,0) = 0.2, also, axxm(0,i) = agxnm(j,i) =
arxm(iy i) = arxu(k,i) = 0.4, again, axxm(0,7) = arxxm(0,k) = arxu(j,j) =
agxn(J k) = axxn(i,J) = e (i k) = axxar (b, k) = axxu(k, j) = 0.5.

Again, agxn(i,0) = agspr(k,0) = 0.3.

Also, Crxnr(0,0) = Crsenr(7,0) = 0.8, also, Crxnr(0,7) = Crxnr(J,7) = Croxnr(i, 1) =
Crxm(k,i) = 0.6, again, Cxxm(0,7) = Cuxm(0,k) = Crxm(4,7) = Crxm(d k) =
Crexnm (i, J) = Crexnr(is k) = Crxnr (B k) = Crexr (K, 3) = 0.5.

Again, Crxn(i,0) = Cxxnr(k,0) = 0.7.

Then clearly K x M is a DIFH-ideal in U x U.

Theorem 3.3.5. Let K = (ak,(x) and M = (ap, () be two DIFH-ideal in U and
V' respectively. If K x M is a DIFH-ideal in U x V', then K x M must be a DIFSA
mUXxV.

Proof. Since K x M is a DIFH-ideal in U x V', then for all (k1,mq), (k2, m2), (k3, m3) €
U x V', we have,

aroxn (R, ma)x(ks, ms)) < maz{agar((ky, ma)*((k2, mo)*(ks, m3))), aroxns (ka, ma) }-
Bv putting k3 = m3 = 0, we get,

aroxn (b, mi) < maz{agoa((ky,my)  (k2, me)), aroc (2, ma) -+ (4)

Again since, ((k1,mq) * (ko,m2)) < (k1,mq), for all (ki,mq), (k2,mq) € U X V.

Then, agsnr((k1,my) * (ka,ma)) < agesnr(ky, my) - - (i7).

Hence from (i) and (i) we get, agxnr((k1,m1) * (ka,m2)) < agxn (b, my) <

max{ s ((kr, my)x(ke, ma)), axsnr(ka,mae)} < max{agxn(k1,m1), @ (ka, ma)},
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for all (ky,mq), (ko,me) € U x V.

In the similar manner we can prove that, Cx s ((k1, m1)*(ka, ma)) > min{Crxnr (k1, m1), Crescnr (k2, m2)},

for all (ki,mq), (ka,ma) € U x V. Thus K x M is a DIFSA in U x V. O
But the reverse of Theorem 3.3.5 may not be hold in general.

Lemma 3.3.2. Let K = (ak, (k) and M = (ap, () be two DIFH-ideal in U and V
respectively. If K x M is a DIFH-ideal in U x V', then the followings are true.

(i) ax(0) < ap(v) and ap(0) < ag(u), for allue U, v e V.

(i1) Cx(0) > Cur(v) and Cas(0) > Cx(u), for allu € U, v V.

Proof: Proof is same as Lemmad3.3.1.

Lemma 3.3.3. In a BCK/BCI-algebra U x V, let K x M = (agxnm,Cxxm) be a
DIFH-ideal. If (s,t) < (k,m), then agxy(k,m) < agxm(s,t) and Cxxp(k,m) >
Crxm(s,t), for all (s,t),(k,m) e U x V.

Proof: Let (s,t),(k,m) € U x V, such that (s,t) < (k,m) implies (s,t) * (k,m) =
(0,0). Now,

oszM(k,m) = oszM((k,m)*(O,O))

IA

max{ag s ((k,m) * ((s,t) % (0,0))), axxar(s,t)}
= max{agxp((k,m)*(s,t)), axxn(s,t)}

= OéKXM(S,t).

And

ngM(kam) = CKXM((k7m) * (070))
2 mzn{CKxM((hm) * ((87t> * (070)))7<K><M(Svt>}
= mzn{ngM((k7m) * (S7t))7<K><M(S7t)}

= Crxum(s,t).
Thus the proof ends.

Theorem 3.3.6. Let K = (ak, (k) and M = (apr, () be two DIFH-ideals in U and
V. Then @(K x M) = (agxn, Qxxm) is a DIFH-ideal of U X V', where, agxy =

1 —agxum.



51 CHAPTER 3. DIFH-IDEALS IN BCK/BCI-ALGEBRAS

Proof. Since by Theorem 3.3.4, K x M is a DIFH-ideal in U x V. Hence for (k,m) €
UxV.

agxm(0,0) < agsp(k,m). Or, 1 — agyp(0,0) > 1 — agxy(k,m). That is
arxm(0,0) = axxar(k,m)

Now for any (k1,mq), (ko,ms2), (k3, m3) € U x V', we have

g (K1, ma)*(ks, ms)) < maz{oucanr ((kr, ma)#((k2, ma)*(ks, m3))), ax s (k2, m2)}-
Mext 1—agesnr (K1, my)*(ks, ms3)) > 1—max{axnr((k1, mq)*((ke, m2)*(ks,m3))), rsar(ka, ma) }
That is, axxnr((k1, ma)* (ks,ms)) > min{l — o ((k1, my)*((k2, m2)*(ks, m3))), 1 —
agxnr(kz,ma)}.
Finally, agesnr ((k1, ma)*(ks, ms)) > min{arxn ((k1, ma)*((ka, mo)*x(ks, m3))), & xar(ke, ma)}.

Hence, @(K x M) is a DIFH-ideal in U x V. O

Theorem 3.3.7. Let K = (ak, (k) and M = (apr, Cur) be two DIFH-ideals in U and
V. Then Q(K x M) = (Cxxnr, Cxxar) i a DIFH-ideal in U x V', where, (xxar =

1_CK><M-

Proof. By Theorem 3.3.4, K x M is a DIFH-ideal in U x V. So for (k,m) € U x
V. Crxm(0,0) > Cxxm(k,m). Hence, 1 — Cxunr(0,0) < 1 — Crsnr(k,m). That is
Crxnr(0,0) < Crewnr (k,m).

Now for any (k1,m1), (ko, m2), (k3,m3) € U x V, we have

Crosen (ki ma ) (K3, ma)) = min{Croxnr ((kr, ma)*((ka2, ma)*(ks, m3))), Crexar (b2, m2)}.
Mext 1 — Crxnr((k1,m1) * (k3,m3))
< 1 —min{Cronr ((kr,ma) * ((k2, ma) * (ks, m3))), Croxar (K2, m2)}
That is, Crexar((kr, ma) * (ks, m3)) < maz{1—Croxar((kr,ma) * ((ke, ma) * (k3,m3))), 1~
Croxnr (K2, ma)}
. Finally, Cxar((k1,my) * (ks, m3))
< maz{Croxnr ((kr, ma) * ((kz,ma) * (ks,m3))), Crexar (K2, ma) -

So, ®(K x M) is a DIFH-ideal in U x V. 0

Theorem 3.3.8. Let K = (o, (k) and M = (o, ) be two DIFH-ideals in BCK -
algebras respectively U and V. Then K x M is a DIFH-ideals in BCK -algebras U x V

if and only if (K x M) = (agxm, axxy) and Q(K x M) = (QTKxM,CKxM) are
DIFH-ideals in U x V.
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Proof. The proof can be done at ease taking clues from Theorem 3.3.6 and Theorem

3.3.7. O

Proposition 3.3.9. Let in a BCK-algebra U xV an IFS K X M = (agxnr, Cxxar) be
a DIFH-ideal. Then ax«p((0,0) % ((0,0) % (k,m))) < agxy(k,m) and Cxxp((0,0) *
((070) * (k’,m))) > CKXM(k7m)7v(k7m) ceUxV.

Proof. This can be proved easily. O]
Provided that this proposition does not support for all BCI-algebra U x V.

Corollary 3.3.1. Let K x M = (asr, Cexnr) be a DIFH-ideal in U x V. Then the
sets, Doy .y = {(k;m) € U X V/agxu(k,m) = arxm(0,0)},
and D¢y, = {(k,;m) € U X V/Crexpr(k,m) = Crxm(0,0)} are H-ideals in U.

Proof. Let K x M = (agxm,Cxxar) be a DIFH-ideal in U x V. Obviously, (0,0) €
Dyyexm and Dejoxar. Now, let (ky,my), (k2, ma), (ks, m3) € U x V, such that (ky,mq) *
((k2, ma) * (k3,m3)), (k2,m2) € Dayexar- Then ageupr((k1, my) * ((ka, ma) * (ks, m3))) =
arxm(0,0) = agxar(ke, ma). Now, agsnr((k1,my) * (ks, ms3)) < max{agxn(ki, my) *
((ka,mo) * (k3,m3)), arxnm(ka,m2)} = arxar(0,0).

Again, since oy s is a DEH-ideal in U X V| agepr(0,0) < agesns (K1, my)*(k3, ms)).
Therefore, ag«nr(0) = agxar((k1, my)*(ks, m3)). It follows that, ((k1, my)*(ks,m3)) €
Doy oy Tor all (ky,mq), (ka, ma), (ks,ms) € U x V. Therefore, D

axy 18 @ H-ideal in

U x V. In the same manner we can prove D¢, . is also an H-ideal in U x V. O

Theorem 3.3.10. For a DIFH-ideal K x M in U xV, either K or M 1s a DIFH-ideal
mUxV.

Proof. Since K x M is a DIFH-ideal in U x V', then for all (k1, m1), (k2, ms), (k3, m3) €
U x V, we have

g (b1, my)*(ks,ms)) < max{agxn((k1,m1)*((ka, mo)*x(ks, m3))), axxnr(ka, ma)}.
By putting my = my = m3 = 0, we get,

arxm((k1,0) % (ks, 0)) < maz{agxn((k1,0)*((k2,0)*(k3,0))), axxar(k2,0)} - ().
Also we have, agsp((k1,0) * (k3,0)) = agxam((k1 * k3), (0 % 0)) = mazx{ax(k *
k), cnr (0% 0)} = age (ki * k3) - - - (42).
similarly, oz ar((k1, 0) * ((ka,0) * (k3,0))) = ag(ky * (kg * k3)) - - - (i44).
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Again by using Lemma 3.3.2 we have, maz{ag«n(k1,0), axxn(k2,0)}
= max{ag(k), ax(ke)} - (10). arxrr(ka,0) = ag(ks)--- (v).
So from (1), (i7), (ii1), (iv)and(v) we get, ax (kixks) < max{ax(kix(koxks)), ax(ks)}.
In the similar way we can proof, (x (ki *k3) > min{(x (k1 * (koxk3)), (i (k2)}. Hence
K is a DIFH-ideal in U x V. O

3.4 Upper and lower level sets
Definition 3.4.1. Let in a BCK/BCI-algebra U xV, K x M = (agxn, Cxxnr) be a
DIFH-ideal, and a,b € [0,1], Then UC of level a and LC of level b of K x M, are as

followes:

Cxrra = {(ksm) € (U x V) /agn(k,m) < a}
and (g = {(k,;m) € (U x V) /Cixns(k,m) > b},

Theorem 3.4.1. Let K X M = (agxn,Crxm) be an IFS in U x V', then K x M is
a DIFSA in U x V iff for any a,b € [0,1], UC of level a and LC of level b of K x M
are SAs in U x V.

Proof. Assume that K x M be an IFS in U x V. Now for any a,b € [0,1] and
(k1,m1), (ko,ms) € af(xM’a, we have agpr((k1,m1) < a and also g ((ke, m2) < a.

Again let K x M is a DIFSA in U x V', then

agxm((k1,my) * (k2,ma2)) < max{axxn(ki,m1), axxnm(ka, ma)}

< maz(a,a)

a

Therefore it implies that (k1,my) * (ko, m2) € a%xM’a.
Similarly, for any (kq,my), (ke,ms) € Cfoyb, we have (g wxar((k1,m1) > b and also

Crxm((k2,ma) > b. then

Croxm((k1,ma) * (k2,ma)) > min{Cxxm(k1,m1), Crxar(ka, mo)}
> min(b,b)

b



3.5. SUMMARY 54

Therefore it implies that (ki,mq) * (ka, me) € Cf(xM’b.
Hence, UC of level a and LC of level b of K x M, are SAsin U x V.
Conversely, let UC of level a and LC of level b of K x M, are SAs of BCK/BC1I-
algebra U x V and if possible also let K x M is not a DIFSA in U x V. Then there exist
(k1,mq), (ko,ms) € UxV , such that agesps (K1, my)*(ka, ma)) > max{ag«nr(k1,m1), axxar(ka, ma)}.
Now let ay = %{O&KXM<<k1,m1)*(k2,m2))+ma${aKXM(k1,ml),CKKXM(kQ,mz)}}. This
implies, agspr((k1,mq) % (k2,mo)) > ag > maz{agxy(ki,m1), axxn(ke, ma)}. So
(k1,my) * (ko,mo) ¢ a%xM’a. But (ky,mq), (ke,ms) € aIS(xM,cw which is a contradic-

tion. Thus it proves that K x M is a DIFSA in U x V. Hence the proof ends. m

Theorem 3.4.2. If for a,b € [0, 1], O‘IS(xM,a and CIZ(X]W) be either contain no elements

or form an H-ideals in U x V. Then K x M is a DIFH-ideal in U x V.

Proof. Staightforward O

3.5 Summary

The chapter includes introduction of the concept of DIFH-ideals in BCK/BC1I-
algebras and a study on its essential properties. It also exhibits an extension of the
notion of the DP of IFSs to the DP of two DIFSAs and two DIFH-ideals of two
BCK/BC1I-algebras U and V. For any numbers of BC K-algebra same can be made
more widespread. It is mathematically settled that for two DIFH-ideals in U and
V', the DP of them is also a DIFH-ideal in U x V. But the reverse may not hold.
We have also found that the DP of two IFSs becomes DIFH-ideal and DIFSA if for
any a,b € [0,1] UC of level a and LC of level b of that IFSs are H-ideals or SAs in
BCK-algebra U x V.



