Chapter 2

Doubt intuitionistic fuzzy ideals *

2.1 Introduction

The notion of uncertainty has drawn a havoc attention of the reasearchers during
the last few decades and as a result its concept and definition have gone through a
frequent modification during this time making it a much discussed term in science
and mathematics having a vast sphere of utility. In its dazzling evolution, Zadeh [86],
played the role of an avant-garde. Following him several sebsequent researchers worked
in this field among them Atanassov’s [2] name must be mentioned who propounded

the idea of IFSs as an extension and generalisation of the notion of FSs.

Xi [84], in 1991, introduced concept of FS in BC'K-algebras. Then in 1992, Huang
gave another notion of fuzzy set in BC[-algebras. Following the same rout in 1994,
Jun [43] established the definition of DFSA and DF-ideals in BCK/BCI-algebras to
avoid the confusion created in [27] Huang’s defination of fuzzy BCl-algebras by means

of some effective results.
In 2000, Jun and Kim [42] explored the idea of IFSA and IF-ideals in BCK-algebras.

This chapter has inside the concept of DIFSAs and DIF-ideals in BCK/BCl-algebras.
Findings of this chapter show that an IFS of BCK/BCI-algebra is DIFSA and DIF-
ideal if and only if the complement of this IFS is an IFSA and an [F-ideal. And at the

same time we are establishing some common properties related to them.

*Part of the work presented in this chapter is published in
International Journal of Fuzzy Logic Systems, 5(1) 1-13 (2015).
21



2.2. DIFSA IN BCK/BCI-ALGEBRAS 22

2.2 DIFSA in BCK/BCI-algebras

In this section we have defined DIFSA and thereafter moved on investigating its

several properties with the help of some certain examples.

Definition 2.2.1. Let M = (ap, () be an IFS in V', then M is called a DIFSA in
Voif
(i) apr(v1 * v9) < apr(v1) V ans(ve), and

(i) Car(v1 * v2) > Cur(v1) A Qur(v2), Vor, 00 € V.

Theorem 2.2.1. Let M = (aur, ) is a DIFSA in'V, then
(i) an(0) < an(v1), and

(i) Car(0) = Car (1), Vor € V.

Proof. We have that ax(0) = anr(v1 % 01) < anr(v1) V ans(01) < ans(v1).
Soan(0) < apr(vr), Vo, € V.
Again we have (u/(0) = Cur(v1 *v1) = Qur(vi) A Cur(v1) = CQur ().
- Cur(0) > Carlwn), Vo € V. -

Theorem 2.2.2. Let M = (aypy, ) be a DIFSA in' V. Then for any vi € V', we have

. < apy(vy), if mis odd
ap (v vy)
= ay(v1), if mis even.

and

> (yv(v1), if mois odd
Car (V] % vy)
= Cu(v1), if mis even.

Proof. Let vy € V| then ayy(vy x v1) = ap(0) < agy(vy).

Let m is odd, and m = 2¢q — 1, where ¢ is a positive integer.

q

Now assume that oy (v29" s v1) < apy(vy) for some positive integer g.

2g-1 2g+1
Then, ajy(vy? T w).

xv1) = apg(v]
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aM(vf(qH)_l*vl) = apy(vi" *xvp),

Hence, ap (v} xv1) < ap(vy), if m is odd.
Again, let m is even, and m = 2q.

Now for ¢ = 1, apr(v? * v1) = apr(vy * (v1 % v1)) = apr(vy % 0) = aps(vy).

Also assume that, ay (v % v1) = apy(vy) for some positive integer q,

then,

(Uf(qﬂ)

Qpr * V1) = aM(qu * (v * (v xv1))),

= on(qu * U1)

= apy(v)

Hence, aps (v x v1) = apr(vy), if m is even.

This proves the first part. similarly we can prove the second part. O

Theorem 2.2.3. Let M = (ap,Cy) be a DIFSA in V. Then for any v; € V', we have
ap(vy % 07") = ap(0).
and Cpr(vy * v]") = Cur(0).

form=1,2,3,...
Proof: Straightforward

EXAMPLE 3. Let a BCK-algebra V = {0,d, e, f} be given by the table below:
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x| 0 d e f
0]0 0 0 0
d|d 0 0 d
el e d 0 e
fr f f 0

Let M = (anr, Car) is an IFS in 'V defined by

V90 d e f

ay 0.5 0.5 0.6 0.5

Cv |05 0.5 0.3 0.5
Then M = (ap, Cur) is a DIFSA in V.

2.3 DIF-ideals in BCK/BCI-algebras
Current section we have defined DIF-ideal in BC'K/BCI-algebras and thereafter

moved on investigating its several properties taking help of some certain examples.

Definition 2.3.1. Let V' be a BCK/BCI-algebra. An IFS M = (ap, () in'V ois
said to be a DIF-ideal if

(F1) an(0) < an(v1); Cur(0) = Cur(vi),

(F2) an(v1) < ap(vr*ve) V aar(vz),

(F3) Car(v1) = Cur(vr % v2) ACur(v2), Vo1, 05 €V

Theorem 2.3.1. Let an IFS M = (aur, (o) in'V obe a DIF-ideal in V. If the inequility
v1 *p1 < q1 holds in'V, then

(i) an(v1) < maz{an(p1), an(q)}
(ii) Car(v1) > min{Ca(p1), Car(qr) }

Proof: Let vy, p1,q1 € V, such that vy * p; < ¢1. So (vy *p1) * ¢; = 0 and thus,

IN

an(v1) maz{an (v1 * p1), an(p1)},

IN

max{max{an ((v1 * p1) * q1), an(q1)}, anr(p1)}

max{max{an(0), an(q1)}, an(p1)}

= mazx{ay(q1),an(p1)}



25 CHAPTER 2. DIF-IDEALS IN BCK/BCI-ALGEBRAS

coanr(v1) <max{an(pr), an(qr)}-

Vv

Again, (y(v1) min{Cu (v1 * p1), Cur(p1) )

IV

min{min{Cy((v1 * p1) * q1), (@)}, Cu(p1) }
min{min{Cur(0), Car(q1)}, Car(p1)}

= min{Cu(q), Cm(p1)}

= min{Cu(p1), Cu (@)}

Thus it is proved.

Corollary 2.3.1. If M = (s, Cr) is a DIF-ideal in'V', then for any vy, p1, P2, p3, - - - Pn €
Voand (... (vy *p1) xpa) *...)*p, =0,

an(v) < maz{on(p1), cnr(p2), ani(ps), - - ani(pa) }

Cur(vr) = min{Cu(p1), Cu (P2), Car(p3), - - - Car(pn) }

Proposition 2.3.2. InV let M = («, () be a DIF-ideal. Then the followings hold for
all vi,v9,v3 €V
(a)if vi < vy then a(vi) < afv2), ((v1) = ((v2)

(b) a(v *v2) < a(vr *v3) V afvs x v2) and ((v1 *v2) > ((v1 % v3) A\ ((vs * v2)

Proof. (a) If v; < vy then vy x vy =0
Hence a(vy) < a(vy; xvg) V a(vy) = a(0) \ a(vs) = a(vy),
and ((v1) > ((v1 *v2) A (v2) = C(0) A ¢(v2) = ((v2).

(b) Since (v1 * v9) * (v1 *x v3) < (V3 * v7)
It follows from (a) that
af (v * ve) * (v * v3)} < a(vs * vy)
Now af(v1 * v2) < af(vy *v2) * (v1 xv3)} V a(vr *v3) [ M = (a,() is a DIF-ideal ]
Soa(v x ) < afvz xvy) \ avg * vs)
Again, ((vy * v2) > ({(v1 % v2) * (v1 % v3)} A\ C(vr * v3) > (5% v2) A (01 v3)
L Clon % o) > Cog % vg) A\ C(ug % v3) O
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Theorem 2.3.3. If an IFS M = (an, () is a DIF-ideal in V', it must be a DIFSA
n V.

Proof. Let M = (apr, () be a DIF-ideal in V.
Since vy * vy < vy, Vuy,v9 € V.

Then a(v1 % v2) < apy(v1)

and  Cu(v1 * v2) > Cu(v1)

So, apr(vy * vg) < apr(v1) < apr(vg % va) \ anr(ve) < ap(vr) V anr(va), Yo, v € V.
[ M = (anr, Car) is a DIF-ideal ]

and  Cur(vr * v2) = Cur(vr) = Qur(vr * v2) A Cur(v2) = Car(v1) A Cur(v2), Vor, v € V.
This shows that, M = (ays, (ar) is a DIFSA in V. O

EXAMPLE 4. Let us consider V= {0,d, f,g,h} as a BCK-algebra in below tabulated

form:
x| 0 d f g h
0]0 0 0 0 0
d|d 0 0 0 0
for fr 0 f 0
glg g g 0 0
h|h f d f 0

Let M = (apr, Cur) be an IFS in' V' defined by

V9o d f g h
ay |0 04 0.6 0.6 0.6
Cy |1 05 04 04 04
Then M = (anr, Car) s a DIF-ideal in V.
Thus M s a DIF-ideal as well as DIFSA in'V .

Converse of Theorem 2.3.3 may not true. Which can be consolidated through Ex-
ample 3 .
As (y(e) =0.3
Cu(e) =0.3 2 0.5 = Culexd) A\ Cu(d), therefore, M = (apr, (i) is not a DIF-ideal.
We now provide a condition for an IFS M = (auy, (ay) which is a DIFSA in V' to be
a DIF-ideal in V.
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Theorem 2.3.4. Let an IFS M = (ap,Cy) be a DIFSA in V. If the inequiality
v1 * Vg < w3 holds in V', then M would be a DIF-ideal in V.

Proof. Let M = (ap, () be the DIFSA in V. Then from Theorem 2.2.1, a;/(0) <
ap(vy) ... (1), and (ur(0) > Cu(vy) ... (2), Vv € V.

As v1 x vy < w3 holds in V, then from Theorem 2.3.1,

We get, ap(v1) < max{an (ve), an(vs)}, Car(vi) > min{Cuy(ve), Car(vs) }, Vi, ve, v3 €
V.
Again since, v * (v1 % vg) < vg, Then, ay(v1) < max{an (v1 * v2), ap(v2)},

and Cur(v1) > min{Cu(v1 * v2), Cur(va)}
Hence, M = (ay, () is a DIF-ideal in V. ]

Theorem 2.3.5. Let an IFS M = (apr, Cr) be a DIF-ideal in V. Then

an (0% (0 v1)) < an(vr).

Cur (0 (0% v1)) = Qu (1), Yoy € V.

Proof. ap(0 % (0% v1)) < apy{(0x (0xwvy))*xv} Vay) < ay(0)Vay(v) =
on(vl),Vvl eV.

Therefore, ap (0% (0% v1)) < apy(vy), Vo, € V.

Again,
Cu (0% (0xv1)) > Cu{ (0% (0% v1)) xv1} AQar(v1) = Cur(0) AQur(v1) = Car(v1), Vor € V.
Therefore, (3 (0* (0% vy)) > Car(vy1), Vo, € V. O

Theorem 2.3.6. Let M = (au,(u) be a DIF-ideal in V. Then so is @M =
{(v1, apr(v1), apr(v1))/v1 € V)

Proof. Since M = (aypy, () is a DIF-ideal in V| then

an(0) < apr(vr), and aps(v1) < apr(vg * v9) \V apr(vg).

Now, ap(0) < ap(vy) = 1 —an(0) < 1 —ap(vi) = apn(0) > ay(vy), for any
v € V.

Now for arbitrary vy, ve € V,

ay (v1) < max{an (v * v2), apr(v2)}
= 1 —ay(v)) <mazx{l — ay(vy *v9), 1 — an(v2)}
= ap(v1) > 1 —mazx{l — ap(vy *v2),1 — ap(ve)}

= ap(vy) > min{ay (vy * vg), apr(ve) }
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So, @ M = {(vy, apnr(v1), @pr(v1))/v1 € V} is a DIF-ideal in V. O

Theorem 2.3.7. Let M = (au,Cy) be a DIF-ideal in V. Then so is Q M =
{(v1, Cur(v1), Cur(vn)) Jvr € V.

Proof. Since M = (s, (y) is a DIF-ideal in V', then (3,(0) > (ar(v1). And (p(vq) >
Car(vr % v2) A Car(v2). Also we have, (u(0) > Cu(v1) = 1 — Cur(0) > 1= Cu(vr) =
EM(O) < EM(Ul)u for any v, € V.

Consider, for any vy, v, € V|

Car(v1) > min{Cp(v1 * va), Crr(va) }
=1 EM(Ul) > min{l — EM(Ul *vz), 1 — EM(UZ)}
= Cu(v1) <1 —min{l — vy % v2), 1 — Cur(ve)}

= Cur(v1) < maz{Cu(vy * v2), Car(v2) }-

Hence, @ M = {(v1,Car(v1), Cur(v1))/v1 € V'} is a DIF-ideal in V. O

Theorem 2.3.8. An [FS M = (aur, () s a DIF-ideal in V iff @ M = {(v1, apr(v1), anr(v1)) /01 €
VY and @ M = {(v1, Car(v1), Cu(v1)) /v € V} are DIF-ideals in V.

Now Theorem 2.3.8 is illustrated by using the example provided below.

EXAMPLE 5. Let consider V.= {0,s,t,u,v} as a BCK-algebra in below tabulated

form:

x| 0 S t U v

0]0 0 0 0 0
0 0

t|t t 0 t 0

u | u S U 0 U

vl v ) t ) 0

Let M = {(v1,Cy(v1)) s v1 € V} be an IVFS defined as

Vv 0 S t u v
apy |04 05 06 05 0.6
(v |05 04 03 04 0.3

Then M = (any, Car) is a DIF-ideal in V.
Then @ M = {(vy, anr(v1), @nr(v1))/v1 € V'} be an IFS defined by
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Vv 0 S t u v
ay |04 05 06 05 0.6
ay |06 05 04 05 04

And @ M = {(v1, Car(v1), Car(v1))/v1 € V') be an IFS defined by

V1o S t U v
(v |05 06 0.7 0.6 0.7
Cu |05 04 0.3 04 0.3

So, it is clear that @ M = {(vi, an(v1), anr)/v1 € V} and @ M = {(vy, Cur(v1), Car(v1)) /vy €
V'} are DIF-ideal.

Theorem 2.3.9. An IFS M = (o, Cyr) is a DIF-ideal in V iff the FSs ayy and Cyy
are DF-ideals in V.

Proof. In V' let M = (apr, ) be a DIF-ideal. Then it is obvious that a;y is a DF-ideal
in V. Further it can conclude from Theorem 2.3.7 that (s is a DF-ideal in V.

From reverse angle if, aj; is a DF-ideal in V', then

ap(0) < apr(v1) And apr(vr) < max{an (vy * va), ap(va)}, Yo, ve € V.

Again since (s is a DIF-ideal in V, so, (37(0) < Cur(v1) = 1—Cur(0) < 1—Crvy) =
Cur(0) > Car(v1).

And
(1) < maa{ (1 * va), Car(v2) -
=1 —Cu(v1) <maz{l — Cu(vr *v2), 1 — Cu(v2)}
= Cu(v1) > 1 —max{l — (y(v1 % v2), 1 — Cpr(v2)}
= CM(UI) > mm{QM(vl * UQ),CM(UQ)},Vvl,UQ eV.
Hence, M = (aps, () is a DIF-ideal in V. O

EXAMPLE 6. Let us consider a BCK-algebra V- = {0,dy, ey, f1} given by the table
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below:

x| 0 dy e1 fi

0] 0 0 0 0

dy | dy 0 dy dy

e1 | e dy 0 0

ol do 0
Let M = (s, Car) be an IFS in' V' defined by

V ‘ 0 d1 €1 f1
ay (0.1 05 0.7 0.6
(v 108 04 02 04

Since ap(er) = 0.7 £ 0.6 = max{an(e1 * f1), an(f1)},

and Cur(er) = 0.2 % 0.4 = min{Cur(er * f1), Cu(f)}-
Therefore M = (s, Car) is not a DIF-ideal in V.

Corollary 2.3.2. For any DIF-ideal M = (apy, Car) in a BCK/BCI-algebra V.. The

sets,

D,,, ={vi € V/ay (1) = am(0)}, and D¢,, = {vi € V/Cu(v1) = (u(0)} are ideals

n V.
Proof. Let M = (a, Cyr) be a DIF-ideal of V. Obviously, 0 € D,,,,, D¢,,-
Now let vy, v9 € V, such that vy * ve,v9 € D,,,.
Then ap(vy % v9) = ap(0) = apr(vg).
And so, aps(v1) < maz{ay (vy * ve), anr(ve)} = apr(0)
Again, since ayy is a DF-ideal in V', ap(0) < apr(v1), . an(0) = apr(vr). Hence,
v1 € D,,,. Therefore, D,,,, is an ideal in V.
Following the same path it is proved that D¢,, is also an ideal in V. O

Theorem 2.3.10. Intersection of any two DIF-ideals in V', such that one is contained

i another, is also a DIF-ideal in V.

Proof. Let M = (ap, (y) and N = (an, (y) be two DIF-ideals in V.
Again let, R=MnNN = (OéR, <R)7 Where ar =ay Nay and CR = CM V CN'

Let vy, vy € V, then, ag(0) = an(0) A an(0) < ap(vi) A ay(vy) = ag(vr).
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And (r(0) = Cur(0) V (N (0) > Car(vr) V (v (v1) = Cr(v1). Also,

ar(vi) = an(v) Aay(vr)
< mazfaa(vi * v2), anr(v2)] A mazfon(vy * v2), an(v2)]
= mazr{[ay(vi * va) A an(vr * va)], [aar(va) A an(va)]}

= mazx[ag(vr * v2), ar(vs)].

Similarly, it can be verified that (g(v1) > min[Cgr(v1 * v2), (r(v2)].

Thus it is proved. O
Theorem 2.3.11. Union of any two DIF-ideals in V', is also a DIF-ideal in V.

Proof. Assume that M = (ap, () and N = (an, (v) are two DIF-ideals in V.
Again let, R = M UN = (ag,(g). Where ag = ay V ay and (g = (u A (. Let
vy, vy € V, then, ag(0) = an(0) V an(0) < ap(vr) V an(vy) = ag(vr).
And Cr(0) = Cu(0) ACn(0) = Cur(vr) A Qn(v1) = Cr(v1).
Also,

ar(vi) = an(v)Vay(v)
< maxfap (vy * ve), anr(ve)] V mazxfay(vr * va), an(v2)]
= maz{|ay (v *v2) V an(v * v2)], [an(v2) V an(va)]}

= mazx[ag(vr * v2), ar(vs)].

In the similer way, We can verify that, (g(v1) > min[Cr(vy * v2), (r(v2)]. Thus it is

proved. O]

EXAMPLE 7. Consider a BCK-algebra V- ={0,k",I',m',n'} as follows:

x | 0 k l m’ n
o 0 0 0 0 0
Kl K 0 0 0 0
ryrr 0 0
m | m m’ m’ 0 0
n | UK 0
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Let an IFS M = (apr, Cyr) in'V, is given as follows:

/! 4 !

Vo ¥ l m  n
ay |0 062 0.65 0.62 0.65
(v |1 034 032 0.34 0.32

Then M = (apr, Car) 48 a DIF-ideal in V.
Again let, N = (an,Cy) be an IFS in V' defined by

/ / /

Vo K I m n
ay | 0.22 0.56 0.58 0.56 0.58
(v 1072 044 042 044 0.42

Then N = (an,(n) is a DIF-ideal in V.
Now let P=MNN = (ap,(p), Where ap = apy A ay and (p =y V Cy. Then P
1s an IFS which can be defined by:

/ ’ /

Vio k& l m  n
ap |0 056 0.58 0.56 0.58
Cp |1 044 042 0.44 0.42

Then P = (ap,(p) is a DIF-ideal in V.
We also assume that Q = M UN = (ag,(g). Where ag = ay V ay and (g =

Cm A GN-
Now Q = (v, Cg) has been defined as:

’ ! ! !

Vv 0 k l m n
ag|0.22 0.62 0.65 0.62 0.65

Co |0.72 034 0.32 0.34 0.32

Then Q = (g, Cg) is a DIF-ideal in V.

Let M = (ar, Car) be an IFS in V| then UC of level ¢ and LC of level d of the IFS

M = (apr, Cor) in Vi is as followes:

Oare = {01 € V/au(uv) < ¢},

CJ\ZM = {v; € V/Cu(v1) > d},where ¢,d € [0, 1].

Theorem 2.3.12. If M = (ayy, () be a DIF-ideal in' V', then 0‘1%4,(: and (]ﬁ’d are ideals
in'V forec,d € |0,1]
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Proof. Let M = (apr,Cyr) be a DIF-ideal in V| and let ¢ € [0, 1] with ay,(0) < c.
Then we have, ap(0) < apr(v), Vo € V, but aps(vy) < ¢,V € a]ﬁ,c. So 0 € oz]%/[,c.
Let vy,vy € V be such that v x vy € aic and vy € afh, then, aps(vy * vg) € aac

and ays(ve) € 04]%[70. So, apr(vy * v9) < c and ayy(vy) < e
Since ayy is a DF-ideal in V| it follow that, aps(v1) < ap(vr *v2) \/ ap(vs) < ¢ and

hence v; € 041%4@- Therefore aac is ideal in V" for ¢ € [0, 1].

In similar way, it is proved that Cﬂz/‘,vd is ideal in V for ¢,d € [0, 1]. ]

Theorem 2.3.13. If 0‘1%4@ and Cj\z/[,d are either contained no elements or formed ideals

in'V forc,d € [0,1], then M = [anr, () s a DIF-ideal in V.

Proof. Let 0‘1%4,(; and Q\ZL 4 be either contained no elements or formed ideals in V' for
¢,d € [0,1]. For any v; € V, let apr(v1) = ¢ and (pr(v1) = d. Then vy € af/lvc/\(’]\%’d,
SO 041%/1,(; #+ ¢ F CZ\ZM. Since a]%“ and CAZM are ideals in V', therefore 0 € aac N C]\—Z’d.

Hence, ap(0) < ¢ = ap(vy) and (r(0) > d = Cpr(v1), where v, € V.

If there exist vy, v, € V such that ay(v;) > maz{an(vy * vy), aar(vy)}, then by
taking, cg = %(aM(vll) + max{an (vy * vy), aar(vy)}.

We have, ar(vy) > co > maz{an (vy *v,), aar(vy)}. So, vy ¢ 0‘1%4@07 (v] *vy) € 0‘1%4,00
and vy € ai,co, that is 04]%[700 is not an ideal in V', Hence a contradiction arises.

Eventually, let there exist p, ¢ € V such that (y;(p) < min{Cu(p*q), Ca(q)}. Taking
do = 5(Gu®) + min{Cu(p' * ), ()}, then

min{Cu(p *q), Culg)} > do > Cur(p).

Therefore, p x q € Cﬁyd and q € Cﬁd but p ¢ Cﬁyd. Again a contradiction. This

completes the proof. O

But if an IFS M is not a DIF-ideal in V', then 051%4,0 and ¢ ]\24 4 are not ideals in V' for

¢,d € 10, 1], which is illustrated by the example below.

EXAMPLE 8. Let V' = {0,dy, ey, f1} be a BCK-algebra [using Ezample 6] with the
following cayley table:
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Let M = (apr, Cur) be an IFS in' V' defined by

V 0 d1 €1 f1
apy | 0.1 05 0.7 0.6
(v 108 04 02 04

Which is not a DIF-ideal in V.
For ¢ = 0.67 and d = 0.25, we get oz]%’c = Cﬁd ={0,dy, f1}, which are not ideals in
V, as €1 x dl = dl € {O,dl, fl}, CL?’Ld dl € {O,dl, fl}, but €1 ¢ {O,dl,fl}.

2.4 Summary

The purpose of this chapter is to define the notion of DIFSAs, DIF-ideals as an
extention of DFSAs and DF-ideals in BCK/BC-algebras. It is shown that the union
of two DIF-ideals in BCK/BCI-algebra is also a DIF-ideal. At the same time we also
investigated that every DIF-ideal must be a DIFSA but in general it may not be true
in reverse direction, that is illustrated by an example. Further a condition is presented

to exibit that a DIFSA becomes a DIF-ideal in BC'K/BCI-algebra.



