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2015
M.Sc. Part-I Examination

APPLIED MATHEMATICS WITH
- OCEANOLOGY AND COMPUTER PROGRAMMING

PAPER—I
Full Marks : 100
"Time : 4 Hours :
The f.'iguresvin the margin indicate full marks.

Candidates are required to give their answers in their
own words as far as practicable.

Tlustrate the answers wherever necessary.

Write the answer to questions of each group in
Separate answer booklet.

Group—A
S (Real Analysis)
‘ 4 [Marks : 40]

Answer Q. No. 1 and any three from Q. No. 2 to Q. No. 6.

‘1. Answer any one of the following : el ]

(a) If outer measure of a set A is zero, show that its
measure is zero.

(b) Define Lebesgue integral for unbounded functions.

: (Tum Over)



2.

(@) Let f: [a, b]—>|R| be a function of bounded variation

on [a,c] and on [c, b] where ¢ e (a, b). Then show that
(i) f is of bounded variation on [a, b], and

(i) Vila,c]+ V¢lc,b]=V;[a,b].

(b) Let f(x)=|x|, xe [-1, 2]. Show that f is a function

of bounded variation on [~ 1, 2]. Calculate the pos‘itive'
variation, the negative variation and the total variation
of f on [-1, 2].

(c) Give an example of a function f which is continuous

on [0, 1] but is not a function of bounded variation
on [0, 1] ; : 6+5+2

. "(a) Iffis Riemann-Stieltjes integrable w.r.t. ‘a over [a, b],

then show that ais also Riemann-Stielfjes integrable
w.r.t. f over [a, b], Also, show that the two 1ntegrals
are related as

—? fdo + t.[)otdf- =f (b) a (b)- f (a) a-‘(a)

a a
0, 2<x<3
M) Let f(x) = 12 *=3  ang
0,3<x<8.
a(x-)=2x2_+5

Show that f is Riemann-Stieltjes integrable w.r.t. aon

8
[2, 8] Also, find {, fda
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(c) Evaluate : j(x e ) ([x]+5_) | 5+5+3

If Ay, Ay, Aj....are pairarise disjoint measurable subsets

0

of [a, b], then show that U Anis measurable
o

Also, show that m( U An] = i m(An)
] : n=1

(b) Let f, g, be measurable- functlons on [a, b]. Then show
that eath of the sets:

v{x e[a, b] If(x) >g (x)}, {x e[a, b] lf (x)<g (x)},
frele bl 1 (0 <), {xeo,b][ £ (x) 28 (1), and

{x e[a,b]|f(x)=¢ (X)} are all measurable subsets of
[a, b]. ? '

() Prove that the measure of the cantor set is zero.

6+4+3

S. (a) Show that a bounded function f on [a, b] is Lebesgne

mtegrable on [a,b] if and only if for every €> 0, there

exists a measurable partition P of [a, b] such that
UP, ) - L (P, f) <t.
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~ (b) Show that the function f(x) defined by . _ ' ' Group—B

f(x) = 3 for rational x in [-2, 8] i i (Complex Analysis)
= 4 for irrational x in. [-2, 8] : v | | [Marks : 30] !

is not R 1ntegrab1e over [-2, 8] but L-mtegrable over
-2, 8].

Answer all questions.

_ : 7. Answer any two.question : '_ 2%X2
() If Ay, Ay, Az are measurable sets of [a, b, then prove : ‘ Tk,
that : / : ' ‘ . z2 |
; ‘ (a) Find the residue of 73~ 2 atz=1a. 2
1 , : , : z“ +a
m(AIUAQ UA3)=m(A1)+m(A2)+m(A3) —m(A; NAg) : _
-m ( AN As) —-m ( AN A3) +m ( AN Az'ﬂ A3) : : > (b) -Show-that the fuﬁction f(z) = e% ‘has isolated essential
; A singularity at z = O. 2

6. (a) Verify Bounded Convergence Theorem for the se-

v 1 '
(c) Find the value of the integral _[;dz round a circle

fn(x)é—i—;,Ostl, _
quence of functions (2+§$J : whose equation is |z|=p(>0) - : 2
Wil 28k | | | . |
: 8. Answer any four questions : 4x5 .
(b)  State the following theoreﬁ‘ls - - - (a) Show by an example that a function
(i) Lebesgue Dominated Convergence Theorem, A f (z) =1u (,'(, y)‘+ iv (x, y)
(ii) Fatou’s Lemma. B ' ke o : - ceases to be differentiable at the point (x; y,) in the
(c) Prove that every bounded measurable function on domain C even if the Cauchy _ Riemann equations
[a,b] is Lebesgue integr,abie over [a, b]. are satisfied. ' 5
: 5+4+4.  (b) Show that an analytic function with constant modulus

is .constant.

<
)
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(c) Find the Laurent Expansion of
f(z)_ (1 z) in the region

@ O(l2(1 i) 1 (=

(d) Find all the Mobius’ transformatlons which transform
the unit circle |z|<1 in the z-plane into unit circle

|w|<1 in the w-plane. ‘ T

(e) Find and discuss the nature of the singularities of

z—-2 1
f = i
(z) = vsm o

(f) If f(z) is analytic within and on a closed contour C
except at a finite number of poles and is not zero on

C, then — j i8] dz = N P, where N is the number

o f(2)

of zeros and P is the number of poles inside C. 5

9. Answer any one question : 1x6

(a) Show by the method of contdur integration that

‘“1+2cose /2
05 +4cos 0
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(b) By Calculas residues show that

[+ o] )
.‘-xCosxdx=O -
_wx2+1

Group—C _
(Ordinary Differential Equations)
[Marks : 30]

Answer any two questions.

10. (a) Using the representation _

Py (z)_znln! ;zn {(z _l)n}’

0, for n#m

1 .
Prove that, Il Fn (z) P (Z) 42w yforn=m

2n +1

(b) Find the genera1 solution of the ODE‘
22W”(2)+(1+z)w'(z)—kw(z)=0(Where, k is a real

constant) in series form. For which value of k there
is .polynomial solution ? 6 |

(c) Define INDICIAL equation concerning ODE ? 2
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"11. (a)

(b)

(c)
12. (a)

(b)

(©

If A ,Ay, ...are the positive zeros of the Bessel’s
function Jn (z), then prove that,

1 0,if m=p
2y (A Z2) g (A Z)= 511 :
[edalbatlhlom)= 1 aoimap 7

Deduce the integral formula for hypergeometic
function. : ' . _ -

If z > 1, show that P, (z) < P, (2) : 4
Prove that if f(z) is continuous and has continuous

derivatives in [-1, 1] then f (z) has unxque Legendre
series expansion and is given by

(@)= £ caral@)

Where P;s are Legendre Polynomials and

2n+11

Cr= If(z)Pn(z)dZ,n=1,2,,3,' 6

Al

Show that Jo (2 )+ 2 Z Jn( ) = 1 and prove that for

real z, lJo (‘z)lsl, and |Jn(z)|<yﬁ, for all n21..
' 4

4

Prove the following :

i [J% (Z)T ; [J_}é (2) ]2 - (2 nz.)
(i) J% (2) =\/-g [% sin z - cos z]
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